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Calculation of inductance and capacitance in power system
transmission lines using finite element analysis method

Abstract. In power system, every transmission line exhibits many electrical properties. Analytical method has been widely used in determination of
the inductance and capacitance for various transmission line configurations. However, it not applicable in general especially for complicated
conductor arrangements. Therefore, in this work, a magnetic flux-linkage finite element analysis (FEA) method has been proposed to calculate the
inductance in various conductor arrangements in different transmission line configurations while the capacitance is calculated using electric potential

FEA method.

Streszczenie. W artykule opisano metode okre$lania indukcyjno$ci | pojemnosci linii przesytowej wykorzystujgcy analize strumienia rozproszonego
metoda elementu skoriczonego. Rozpatrzono przyktady réznych konfiguracji linii. (Obliczenia indukcyjnos$ci i pojemnosci linii przesytowej z

wykorzystaniem metody elementu skonczonego)
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Introduction

In power system, transmission lines transfer electrical
energy between power generation unit and distribution
system. There are various configurations of transmission
lines with different phase conductors, shield wires and kV
ratings. Every transmission line exhibits many electrical
properties, where the most common properties are
inductance and capacitance. The capacitance and
inductance in a transmission line depend on the line
configuration itself. These two electrical properties are
important in the development of transmission line models
used in power system analysis [1].

Nowadays, analytical method has been commonly used
to calculate the inductance and capacitance of many
transmission line configurations. The advantage of using
analytical method is the physical interpretation of
inductance and capacitance equations in transmission line
is clear and well defined. However, analytical method is not
applicable in general, especially for complicated conductor.
Therefore, finite element analysis (FEA) method can be
used to calculate the inductance and capacitance of
transmission lines in general without the need of many
complex calculations [2, 3].

There is a work that has reported on modelling of
capacitance and inductance for multi-conductors system
using finite element analysis (FEA) method [3]. The models
consists of two conductors within two different layers of
dielectric material, two conductors within the same dielectric
layers and three conductors within three different dielectric
layers. The inductance and capacitance per unit conductor
length of multi-conductor transmission lines are related to
each other. A matrix of a transmission line capacitance is
obtained from the FEA model and its inverse matrix is then
used to calculate the inductance of the line. The results
obtained for the capacitance and inductance per unit
conductor length using this method agree well with values
calculated in the literature.

Previous works have considered the energy-
perturbation and flux-linkage methods to determine
inductance values of electrical machines from a two-
dimensional (2D) FEA model [4, 5]. The numerical
characteristics and equivalence of the energy-perturbation
and flux-linkage methods have been demonstrated through
calculation of the time-varying apparent inductances of the
stator and rotor field windings of a turbine generator under
transient conditions. It was found that both methods yield
inductance values which agree to each other. However, the

278

flux-linkage method uses less computation spaces and is
more robust than the energy perturbation method.
Therefore, the flux-linkage method has been suggested as
the preferred method for calculation of 2D inductance of
electrical machines.

In this work, the calculations of the inductance and
capacitance of various conductor arrangements in
transmission lines have been performed by the proposed
magnetic flux-linkage and electric potential FEA method.
The calculated inductance and capacitance using the
proposed method have been compared with the analytical
method to validate the proposed method. In the end of the
work, general equations for inductance and capacitance in
transmission lines have been deduced based on the results
obtained through the proposed method. Compared to the
analytical method, the proposed method is not only fast and
simple but can also be used for general conductor
arrangements in power transmission line.

Calculation of inductance and capacitance using
analytical method

General assumptions made for calculating inductance of
transmission lines are:

a) The cross section of transmission line is uniform

b) The current and charge densities are uniform over the
entire length of conductors

c) The conductivity, permittivity and permeability over
the entire length of conductors are constant

For a single cylindrical conductor carrying a current / or
charge q across the cross sectional area, as shown in Fig.
1(a), the inductance, L and capacitance, C between two
points, ps and p. in the magnetic and electric field regions
around the conductor are obtained by [1]

() L=4,/1=2x10"In(p,/p;)
) C=q/V,, =2zz,/In(p,/p,)

where A1z and Vi, are the magnetic flux-linkage and electric
potential between the two points respectively.

A single-phase two-wire conductor of radius r carrying a
current, /1 or charge g1 and the return current —/; or charge
—q1, separated by a distance, D is shown in Fig. 1(b). The
inductance, L and capacitance, C per phase per unit length
are calculated using [1, 6]

3) L=2x107[0.5+In(D/r)]
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) C=7zg,/In(D/r)

(c)

Fig.1. (a) Current-carrying conductor perpendicular to the plane, (b)
single-phase and (c) three phase-transmission line

A three-phase transmission lines is shown in Fig. 1(c).
The arrangement consists of three conductors of phases a,
b and c, each having a radius r and separated by a distance
D.b, Dac and Dy between each of them. The inductance, L
and capacitance, C per phase per unit length are defined as
[1, 6-8]

(5) L=2x10" ln[3 D,,D,.D,. / (re’”“)]

(6) C= ”50/[1n(3 Dab Dac Dy /I’)]

A three-phase double circuit lines is shown in Fig. 2,
where each conductor carrying a current of relative phase
position a1bici-cobzas. The inductance per phase unit length
for this transmission line configuration are defined as [1, 6]

)

L=2x10" ln[%/Dab' D,.' Dy, '/(\/ re* .

Dalaz Db1b2 Dclcz ):|

(8) C= 7[80/111[3 Dab'Dac'Dbc’/(\/F 4 Dalaz Dblbz Dclcz )]

where

L

Dab =1 Da]bl Dalbz Dazbl D62b2
'

DbC - \/Dblcl Db]CZ Db2C1 Dszz
'

Dac - ‘\‘/Dalcl Da102 Dazcl Da2c2

Proposed Magnetic Flux-Linkage FEA Method to
Calculate the Inductance

The proposed calculation of inductance in transmission
line using FEA method in this work is solved with COMSOL
Multiphysics software. Fig. 3 shows a two-dimensional (2D)
model geometry that has been developed using finite
element analysis (FEA) method to solve the magnetic field
problem in transmission lines. The model geometry consists
of a conductor (radius r) carrying a current perpendicular to
the plane enclosed by surrounding air.
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Fig.2. Three-phase double-circuit lines; (a) a transmission line
tower and (b) model of the conductors

The partial differential equation (PDE) which is used to
solve the magnetic field problem in the model is

(©) [V x (v A/ e = 3

where o is the vacuum permeability, u- is the relative
permeability (in Hm™), A is the magnetic potential or the
flux-linkage (Wbm™") and J, is the current density (Am™).

Free triangular mesh elements are used since it allows
more freedom of meshing [9]. For a higher accuracy in the
calculation, the mesh is refined near the conductor region.
The subdomain settings of the model are detailed in Table
1.

Table |. Subdomain settings in the model geometry for magnetic
field problem

. Symbol | Value
Subdomain Parameter
Conductor External current density Jo 1Am?
Relative permeability Hre 1
Air External current density Ja 0 Am~
Relative permeability Ura 1
Air
Conductor

Fig.3. 2D model geometry of a single conductor

From the FEA model, the inductance, L between two
points, p1 and pz external to a conductor is obtained using
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flux-linkage, A divided by the current / through the
conductor,

(10)  L=4a/1 :(j:fs-dlj/(lu-sc)

where J; is the current density across the cross-sectional
area, S; of the conductor. The flux linkage, A is obtained by
integration of the magnetic flux density, B along a line
connecting the two points.

Air L —
e .
Conductor 1 X \
Conductor 2 —_/
l\e
III\

Phase a

Phase ¢ Phase b

Fig.4. 2D model geometry of (a) two and (b) three conductors

Fig. 4a shows 2D FEA geometry of two conductors
carrying current density J; and -J; while Fig. 4b shows three
conductors carrying current densities of Jq, JoL_120° and
Jc|_240°. The flux linkage between two conductors, A is
obtained by integration of the magnetic flux density, B along
a line connecting the two conductors. For Fig. 4a, the
inductance per unit length has been found to be equal to

c2
Lo %,112 _ %J;]Bclcz -dI
" Iave %(I‘]cl|scl +|‘]c2|Sc2)

where /.6 is the average current of the two conductors, ¢4
and ¢z and A4z is the integration of the magnetic field, Beico
along the line between the two conductors. It is multiplied
by %2 since A2 is the net flux-linkage due to two conductors.

For three conductors or three-phase transmission line,
as shown in Fig. 4b, the inductance of phases a, b and c in
the FEA model can be calculated using

(12) La = %(Lab + Lac )’ Lb = %(Lab + Lbc )’ Lc = %(Lac + Lbc)

where Lap, Lac and Ly are the inductance due to flux-linkage
between phases a and b, a and ¢ and b and ¢ which are
calculated using eq. (11). The inductance per phase per
unit length has been found to be equal to the average of
inductances from each conductor phase, where

Lz%(La+Lb+Lc)

(11)

(13)

Inserting eq. (12) into eq. (13), the inductance per phase

per unit length can be written as a summation of
inductances between different combination of two
280

conductors divided by the number of different combination
of two conductors,
(14) L:%(Lab+Lac + Lbc)

To further verify eq. (14), the similar method is tested on
a three-phase double-circuit transmission line, as shown in
Fig. 5. The line between two phase conductors is used to
calculate the flux-linkage between the two conductors. The
inductance from each conductor phase is equal to

L, = %(Lalbl + Loy + Lo +L
(Lazbl + Lo, +L

+ Lala2)
1 + La202 + LaZaI)

alc2

a2c

Lotar + Loz + Lojer + Lpiea + Lblaz)

(Lbzal + Losaz + Lpoer + Looer + Lb2b1)
(Lclbl + Lclbz +L + Lclcz + Lclaz)

L, = %(LCZbl + Loopy + Loger + Logar + chal)

Deriving the inductance per phase per unit length as the
average of inductances from each conductor phase, again it
is found that the inductance per phase per unit length
equals to the summation of inductances between different
combinations of two conductors, divided by the number of
different combination of two conductors, where

Lazz%
(15) Ly =%
Ly, =%
La=)

clal

L :%(Lal + Ly + Ly + Ly + L+ ch)

(16) Lalbl + La1b2 + Lalcl + Lalcz + La1a2 e
= 5| Laom + Laons + Laser + Lanes + Lpipy ++

Lblcl + Lblcz + Lb2c1 + Lbzcz + Lclcz

Therefore, using flux-linkage method in finite element
analysis, the inductance per phase per unit length can be
deduced in general as the average of the inductances
between different combinations of two conductors, Lj, or

2 n

(17) = Ly j>i

n(n-1) 47
where i and j are the i-th and j-th conductor and n is the
total number of conductors. The number of different
combinations of two conductors equals to [n(n-1))/2. L; is
calculated using eq. (11). Eq. (17) can be used in general
for n number of conductors in transmission lines.

Proposed Electric Potential FEA Method to Calculate
the Capacitance

The partial differential equation (PDE) which is used to
solve the electric field problem in the model is
(18) Ve(E)=p
where ¢ is the permittivity, E is the electric field and p is the
charge density.

The charge in a conductor per unit length and time can
be related to the current density, J; on the cross-sectional
area of the conductor, S by

(19) 08 =J 5t

For per unit length and time, p equals to J; in eq. (19).
Table Il details the subdomain setting to compute the
electric field in the model.

The capacitance, C between two points, ps and p;
external to a conductor is obtained using the charge, g
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divided by the electric potential, V42 between the two points

from the FEA model,
C=q/V, :pCS/UpZE-dI)
pl

where E is the electric field. V42 is obtained by integration of
E along the line between the two points.

For two conductors in parallel to each other as in Fig.
4a, the capacitance per unit length is calculated as the
average of charge in conductors 1 and 2 divided by the
electric potential between the two conductors,

o, 0 _ A8 +]afs.)
12 V12 sz.dI
pl

(20)

(21)

where Jc;1 and Jg are the current density in conductors 1
and 2.

In Fig. 4b, for a three-phase transmission line, the
capacitance of phases a, b and c in the FEA model can be
calculated using

(22)
Ca = %(Cab + Cac )’ Cb = %(Cab + Cbc )’ Cc = %(Cac + Cbc)

where Cgz, Csc and Cpc are the capacitance between
phases a and b, a and ¢ and b and ¢ which are calculated
using (21). The capacitance per phase per unit length has
been found to be equal to the average of capacitances from
each conductor phase, where

(23) c=y4(c,+C,+C,)

By inserting eq. (22) into eq. (23), the capacitance per
phase per unit length equals to a summation of
capacitances between different combination of two
conductors divided by the number of different combination
of two conductors, where
(24) C= %(Cab + Cac + Cbc)

Similar to the inductance calculation, eq. (24) is further
verified on a three-phase double-circuit transmission line,
as shown in Fig. 5. The capacitance from each conductor
phase is equal to

(Calbl + Calbz + Calcl + Calcz + Calaz)
(Cazbl + Cazbz + Ca2c1 + Ca2c2 + Cazal)

Ca=X

Ca=X
(25) Coi = %(Cblal +Chipz + Coiet + Cprez + Cblaz)
Co> = % (Corar + Cizaz + Cinet + Chaca + Ciomn)
Ca=X
C Y

i1 + Ceina + Coiar + Coiea +Cc1a2)

c cla

(Cczbl + Cczbz + Cchl + Cc2a2 + CcZal)

The capacitance per phase per unit length has been
found to be equals to a summation of capacitances
between different combinations of two conductors, divided
by the number of different combination of two conductors,
where

C= %(Cal +C +Cy, + Gy, +C +Cc2)
(26) Calbl + Calbz + Calcl + Ca1c2 + Calaz +e
= Y| Caami + Cama + Canet + Canea + Cppn +

Cblcl + Cblc2 + Cbzcl + Cb202 + Cclcz

Fig.5. Three-phase double-circuit transmission lines

Table 2. Subdomain Settings in the Model Geometry for Electric
Field Problem

. Symbol | Value
Subdomain Parameter
Conductor Space charge density o J,Cm”
Relative permittivity Erc 1
Air Space charge density Pa 0Cm?~
Relative permittivity Era 1

Therefore, the general equation of capacitance per
phase per unit length in transmission lines for n conductors
using FEA method can be written as

2 n
27) C-= o
n(n-1),454

j>i

where j and j are the ith and j-th conductor and Cj is
calculated using eq. (20). Eq. (27) is in similar pattern to
that of the general equation for inductance as eq. (17).

Table 3. Comparison of inductance between two points external to
a single conductor between the proposed and analytical methods

Distance between | Analytical method | Proposed FEA
two points (m) (mH/km) [1] method (mH/km)
5 1.1624 1.1624
10 1.3008 1.3008
15 1.3818 1.3818
20 1.4392 1.4392
25 1.4838 1.4838
30 1.5203 1.5203
35 1.5511 1.5511
40 1.5778 1.5778
45 1.6013 1.6013

Results and Discussion
a) Single conductor

Table 3 compares the inductance between two points
external to a current-carrying conductor (radius of 0.015 m)
obtained using the proposed flux-linkage FEA method and
the analytical method. The inductance is higher when the
distance between two points external to the conductor is
larger. This is due to the inductance is dependent on flux-
linkage between the two points, where a further distance
yields higher inductance. The inductance is approaching
constant values for a longer distance between the two
points because the magnetic fields are nearly zero. For the
inductance calculation, there is a good agreement between
results obtained using the proposed flux-linkage FEA
method and the analytical method. Therefore, this shows
that the proposed FEA method can be used to calculate
inductance between two points external to a current-
carrying conductor.

The capacitance between two points external to a
current-carrying conductor (radius of 0.015 m) obtained
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using the proposed electric potential FEA method and the
analytical method is shown in Table 4. The capacitance
between the two points decreases with their spacing
because the potential different between them increases.
From this table, the results obtained using the proposed
FEA method and analytical method is in good agreement.
Hence, the proposed FEA method can also be used to
calculate the capacitance between two points external to a
current-carrying conductor.

Table 4. Comparison of capacitance between two points external to
a single conductor between the proposed and analytical methods

Distance between | Analytical method |Proposed FEA method
two points (m) (pF/m) [1] (pF/m)
5 9.7345 11.0619
10 8.8496 9.7345
15 8.4071 9.2921
20 7.9646 8.8496
25 7.7434 8.8493
30 7.5221 8.8490
35 7.5218 8.8488
40 7.5215 8.8485
45 7.5211 8.8482

b) Two conductors

Comparison between values obtained using the
proposed FEA and analytical methods of inductance as a
function of distance between centres of two current-carrying
conductors (radius of 0.015 m each) is shown in Table 5.
Similar to a single current-carrying conductor, the
inductance increases when the spacing between the two
conductors is larger. The inductance calculated using the
proposed method agrees with the analytical method. This
again shows that the proposed FEA method can be used to
calculate inductance between two current-carrying
conductors.

Table 5. Comparison of inductance for different distance between
two conductors between the proposed and analytical methods

Distance between | Analytical method |Proposed FEA method
two conductors (m) (mH/km) [1] (mH/km)
10 1.3505 1.3462
20 1.4891 1.4730
30 1.5702 1.5340
40 1.6277 1.5631
50 1.6723 1.6472
60 1.7088 1.6642
70 1.7396 1.6787
80 1.7663 1.6863

Table 6. Comparison of capacitance for different distance between
two conductors between the proposed and analytical methods

Distance between | Analytical method Proposed FEA
two conductors (m) (pF/m) [1] method (pF/m)

10 4.2668 4.2667

20 3.8858 3.8857

30 3.6572 3.6571

40 3.1238 3.0857

50 3.4286 3.3905

60 3.4284 3.3903

70 3.4282 3.3901

80 3.4281 3.3900

¢) Three conductors or three-phase transmission line

Table 6 shows comparison between capacitance
obtained from the proposed FEA and analytical methods for
different distance between centres of two current-carrying
conductors (radius of 0.015 m each). It can be seen that
both methods are in good agreement. Therefore, the
proposed electric potential FEA method can be used to
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calculate the capacitance between two current-carrying
conductors in a transmission line.

The proposed method has also been used to calculate
the inductance of a three-phase transmission line,
consisting of three conductors (radius of 0.015 m each)
arranged symmetrically. Referring to Table 7, the
inductance values calculated using the proposed FEA
method seems to be in agreement with the values
calculated using the analytical method. The behaviour of
inductance as a function of spacing between three
conductors is similar to a two-conductor transmission line.

The results of capacitance per phase per unit length
using the proposed FEA and analytical methods for a three-
phase transmission line are shown in Table 8. This again
shows the calculated capacitance values using the
proposed FEA method are in good agreement with the
analytical method.

Table 7. Comparison of inductance for different distance between
three phase conductors between the proposed and analytical
methods

Distance between | Analytical method Proposed FEA
two conductors (m) (mH/km) [1] method (mH/km)
10 1.3505 1.3152
20 1.4891 1.4415
30 1.5702 1.4987
40 1.6277 1.5140
50 1.6723 1.4743
60 1.7088 1.6373
70 1.7396 1.6320
80 1.7663 1.6235

Table 8. Comparison of capacitance for different distance between
three phase conductors between the proposed and analytical
methods

Distance between

Analytical method Proposed FEA

two conductors (m) (pF/m) [1] method (pF/m)
10 4.2593 4.3519
20 3.8889 3.9815
30 3.6111 3.7037
40 3.5185 3.6111
50 3.4259 3.4260
60 3.4257 3.4258
70 3.4256 3.4257
80 3.4255 3.4256

Table 9. Calculated Inductance for Three-Phase Double-Circuit
Lines

. Proposed

Parameters Analytical FEA

method method

X1, M| Xz m | x5, m JQ} Yo, m | (MAKM) (1] | (mH/km)
55 | 825 | 625 | 8.5 | 3.25 0.5692 0.5687
8.25 [12.375| 9.375 | 5.25 | 4.875 0.6097 0.6076
11.0] 165 | 125 | 7.0 6.5 0.6385 0.6321
13.75|20.625|15.625| 8.75 | 8.125 0.6608 0.6452

Table 10. Calculated capacitance for three-phase double-circuit
lines

Propose
Parameters Analytical d FEA
method method

X, M| Xo, M X3, M Y1, Y2, m
A\ (PF/m) 11 | (pF/m)
55 | 825 | 625 | 3.5 | 3.25 10.219 9.8289
8.25 [12.375| 9.375 | 5.25 | 4.875 9.5102 9.1442
11.0] 165 | 125 | 7.0 6.5 9.0642 8.6711
13.75]20.625|15.625| 8.75 | 8.125 8.7461 8.2617

d) Three-phase double-circuit transmission line

For three-phase double-circuit lines, the parameters that
have been used in Fig. 2 and the results calculated using
the proposed FEA and the analytical method are shown in
Table 9. The conductor radius, r that has been used in the
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calculation is 0.015 m. It has been found that the
inductance values calculated using all methods are within
reasonable agreement to each other. Therefore, the
proposed FEA method can be said reasonable in
calculating the inductance of three-phase double-circuit
transmission lines.

Table 10 shows the calculated capacitance using the
proposed FEA and analytical methods for a three-phase
double-circuit line with model parameters similar to those
that have been used in Table 9. The results clearly show
that the values calculated using both methods are within
reasonable agreement to each other. Thus, the proposed
FEA method is acceptable for capacitance calculation of a
three-phase double-circuit transmission line.

Table 11. Calculated Inductance for Two Arbitrary-shaped
Conductors
Distance between | Analytical method Proposed FEA
two conductors (m) (mH/km) [1] method (mH/km)
10 1.3505 1.3031
20 1.4891 1.4368
30 1.5702 1.5151
40 1.6277 1.5706
50 1.6723 1.6136
60 1.7088 1.6488
70 1.7396 1.6785
80 1.7663 1.7043

Table 12. Calculated Capacitance for Two Arbitrary-shaped
Conductors
Distance between

Analytical method Proposed FEA

two conductors (m) (pF/m) [1] method (pF/m)
10 4.2668 44112
20 3.8858 4.0173
30 3.6572 3.7810
40 3.1238 3.2295
50 3.4286 3.5446
60 3.4284 3.5444
70 3.4282 3.5442
80 3.4281 3.5441

D

Fig.6. Two conductors of arbitrary shape parallel to each other

e) Inductance and capacitance for arbitrary conductor
shape

Fig. 6 shows two conductors of arbitrary shape with a
cross sectional area of Ay and Ay, carrying a current, /1 and
I», separated by a distance D. For the calculation of
inductance and capacitance, the analytical method
assumes that the conductor is a cylindrical shape with a
radius of r, as shown in egs. (3) and (4). Thus, this is the
limitation of the analytical method as it is not applicable to
general conductor shape in transmission lines [10]. In Fig.
6, if the radius of each conductor is taken as the average
radius (here, the average radius equals to 0.015 m), if r1 =
r, and I, = -4, the calculated inductance and capacitance
using the proposed FEA and analytical method are shown
in Tables 11 and 12. The parameters used are the same as
in Tables 1 and 2. From these tables, it is found that the
results are slightly different between the two methods,
unlike those obtained in Tables 5 and 6. This may be due to
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the analytical method assumes that the conductor is a
cylindrical, which simplifies the calculation. Whereas, the
inductance and capacitance calculated using the FEA
method depend on the shape of the conductor, which
influences the magnetic and electric field distributions
around the conductor.

Conclusions

Calculations of the inductance using magnetic flux-
linkage and the capacitance using electric potential in finite
element analysis (FEA) method for various transmission
line configurations have been proposed in this work. The
inductance and capacitance calculated using the proposed
FEA method has been validated through comparison with
the analytical method. It has been found that both results
from the proposed FEA and analytical methods are within
reasonable agreement to each other. From the FEA model,
general equations of inductance and capacitance per phase
per unit length for multi-conductors in power system
transmission lines have been deduced as the summation of
the inductances and capacitances between two conductors
divided by the number of different combinations of two
conductors respectively. The calculations of inductance and
capacitance using the proposed FEA method are simple,
straight forward and is applicable in general, especially for
complicated conductor arrangements and arbitrary
conductor shapes.

This work was supported by University of Malaya, Malaysia
through UMRG Research Grant (Grant no. RG135/11AET).
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