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Three-dimensional modeling of the magnetothermal phenomena 
by finite volume method - Application to the heating prior to 

deformation  
 
 

Abstract. This paper presents a three-dimensional model of the magnetothermal phenomena in a transient thermal regime, for a quasi-
homogeneous heating prior to deformation of the product under treatment. The aim of this work is to show the different parameters that influence this 
process during the transient heating to attain the desired final temperature. The electromagnetic and thermal phenomena are interdependent and 
strongly nonlinear.The Maxwell’s equations and the thermal equation have been solved by Finite Volume Method.  
 
Streszczenie. W artykule zaprezentowano trójwymiarowy model zjawisk magneto termalnych w przejściowych warunkach termicznych, 
towarzyszących grzaniu quasi-homogenicznemu przy deformacji wstępnej obrabianej próbki. Celem pracy było wskazanie parametrów mających 
wpływ na ten proces do momentu osiągnięcia wymaganej temperatury. (Trójwymiarowe modelowanie zjawisk magneto termalnych 
wykorzystujące metodę objętości skończonych - operacje grzania przy deformacji wstępnej) 
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Introduction 
 Several studies have been devoted to the development 
of mathematical and numerical models for the magneto-
thermal coupling. In [1, 2, 3], the authors use two-
dimensional models fed by current and voltage, applied to 
induction heating system. In [4, 5], the authors present a 
three-dimensional magneto-thermal model, based on the 
finite element method. 

In our paper, the numerical modeling of the provided 
induction heater for the treatment of product and for aim to 
obtain a quasi homogeneous temperature, several technical 
problems confront us: 

The first problem is the development of three-
dimensional magneto-thermal model [4, 5], but is based on 
the finite volume method (FVM). This method is very 
consistent to solving the thermal problems, and will be 
extended to that of the electromagnetic problem [6]. 

The second problem is related to the heater device. The 
induction heater is provided to treat bars of square section, 
in static and ensure a given production rate. The induction 
heater use multi-layer solenoid inductor. The mode stepper 
transfer of the bars is the type used, which it can be 
considered as a static heating [7]. 
 The third problem is related to the development of the 
computer code of a three dimensional model of coupled 
phenomena. 
 

Electromagnetic formulation 
 Neglecting the displacement currents, on a modified 
magnetic vector potential formulation for the three-
dimensional with penalty term is given by the following 
electromagnetic equation [4, 8, 9] :  
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where: σ – electrical conductivity, μ – magnetic permeability, 
Js – coil current density. 
The electrical conductivity and the magnetic permeability as 
function the temperature.  
 For the uniqueness of the solution, the Coulomb gauge 
is enforced in the system by introducing a penalty term to 
the equation (1). The boundary conditions at physical 
infinity are: 
(2)   0A   
 

Thermal formulation 
 The thermal equation in the transient regime is [10]: 
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The Boundary and Initial Conditions are given by specified 
temperature boundary condition, convection and/or 
radiation boundary condition: 
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where: heq – the sum of the coefficients for convection and 
radiation exchange, Ta – ambient temperature. 
 

Numerical magnetothermal model 
 The induction heating is governed by a system of 
nonlinear differential equations. A software tool on the base 
of the finite volume method has been developed. 
 These equations are integrated over each control 
volume, which in Cartesian coordinates is written ∆x∆y∆z 
(figure 1 ). 
 The heat conduction equation in Cartesian coordinates 
is given by : 
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  By integrating each term of this equation in space 
and time, we obtain for the first term of this equation (the 
same for the other terms): 
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We finally obtain the expression for the temperature at any 
point (i, j, k) inside the study domain by using the implicit 
method: 
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(n+1) indicates the number of the iteration at the instant 
t=(n+1)∆t 
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Fig.1. Control volume around the point p 
  

 The general magnetodynamic equation in Cartesian 
coordinates, without the gauge, is given by: 
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The index α indicates the different regions of the domain 
(inductor, air, load). 
 By integrating each term of these equations in space, 
we obtain for the first term of these equations (the same for 
the other terms): 
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Finally, we obtain the final system to solve: 
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with: 

1( , , ) ( 1, 1, ) ( 1, 1, ) ( 1, 1, ) ( 1, 1, )i j k y i j k y i j k y i j k y i j kF A A A A            

2( , , ) ( 1, , 1) ( 1, , 1) ( 1, , 1) ( 1, , 1)i j k z i j k z i j k z i j k z i j kF A A A A            

3( , , ) ( 1, 1, ) ( 1, 1, ) ( 1, 1, ) ( 1, 1, )i j k x i j k x i j k x i j k x i j kF A A A A              

4( , , ) ( , 1, 1) ( , 1, 1) ( , 1, 1) ( , 1, 1)i j k z i j k z i j k z i j k z i j kF A A A A            

5( , , ) ( 1, , 1) ( 1, , 1) ( 1, , 1) ( 1, , 1)i j k x i j k x i j k x i j k x i j kF A A A A            
 

The terms a0-4(i,j,k), b0-4(i,j,k), c0-4(i,j,k) are functions of the 
geometrical and physical parameters of the volume element 
(i, j, k). 
Along the edge of the infinite domain, we take as the limit : 
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 The Coulomb gauge condition can be added numerically 
as penalty term in the equation system or as a separated 
equation from the system. 
 

Magnetothermal coupling 
 If we consider the strong coupling between the 
equations, we would have obtained a system of equations 
to a single unknown X to seven (07) components for each 
volume element. The resolution of this system is possible 
[11], but it presents some numerical difficulties, because of 
the large matrix sizes and sometimes the definition of 
domains for some of components of the unknown X are 
mutually incompatible [12]. 
 We therefore opted for a weak coupling. That is to say, 
that each system of equations is solved separately. 
However, we use the Gauss Seidel iterative method for the 
calculation process. 
 

Application 
 In this application we are interested particularly to the 
heating of aluminum bars at 500 ° C. The phenomena of 
exchange with the ambient are present for all to the exterior 
surfaces. Numerically, we take: the coefficient of convection 

exchanges equal to 10 w/(m2.k), the emissivity equal to 0.8 
(corresponds to εσ=4.5x108 w/(m2.k4)). The induction heater 
is provided to treat the bars of square section for an 
inductor that suits their passage. We take as basic 
dimensions those of reference [13]: Lx=Ly=80 mm, The 
length of the inductor Lind=5.5 mm, has 5 contiguous turns in 
which flows a current I=Is of 500 Hz. For our application the 
air gap thickness Le=10 mm. However, one delimits the 
infinite box at Lα=100 mm (10 times the thickness of the air 
gap and almost 20 times the length of the inductor). The 
length of the load is limited to this type of heater to that of 
the inductor (Lz=5.5 mm).  
 In the present work, our main concern is to obtain the 
desired temperature, for a quasi homogeneous distribution, 
without taking into account the heating time.      
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2. Evolution of the electrical conductivity  
 

Variation of electrical conductivity  with the 
temperature on the surface 
 The figure (2) shows the evolution of electrical 
conductivity on the surface (the plane 0x  ) of the center 
point. As the temperature increases it decreases rapidly at 
the starting of the heater and slowly by approaching to the 
permanent regime. 
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Evolution of the dissipated power 
 The increase of the electrical resistivity with the 
temperature which in turn leads to an increase in the depth 
of penetration causes a considerable drop in power at the 
starting of the heater (decrease by 50% after 20s). During 
the last phase of the heating, the sources of energies 
evolve slowly and the total power stabilizes to a value 
relatively weak regard to the one calculated to the initial 
temperature (599,78 W at 20°C). (Fig. 3) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3. Evolution of the dissipated active power   
 

Power density distribution along the x-axis 
 The curves are plotted at different times on the same 
line segment (z=Lz/2 and y=Ly/2) show that the power 
density distribution is qualitatively the same during the 
thermal transient regime (fig. 4). This power that is weak to 
the center of the load, increases progressively towards the 
outside of the side of the inductor. Finally, the evolution of 
the power is remarkable by a decrease enough high at the 
starting of the heater and weak to the last phase. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4. Power density distribution along the x-axis (central axis)   
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.5. Evolution of temperature on the surface and the center 

Evolution of temperature on the surface and the center 
 The figure (5) shows the evolution of the temperature at 
the center of the load and the center point of the surface 
(plane 0x  ). During the heating process, the two points 
qualitatively undergo the same variations: very quick at the 
beginning, average variation during the middle phase and 
almost constant at the end. For this application, the surface 
temperatures are always slightly higher than those of the 
center. This is justified by the fact that the load is a non-
magnetic material and the heat exchanges with the outside 
remains low  at this temperature  (500°C). 
 

Conclusion 
 A three-dimensional magnetothermal model of a 
induction heater was developed and tested. The heater is 
designed for heating static products prior to deformation. 
Through various simulations we find that power induced is 
strongly related to the intensity and frequency of the 
current. This power decreases progressively as the 
temperature increases. We are concluded that many 
parameters are involved in order to get the final desired 
temperature and a quasi homogenous distribution. These 
parameters are related to the working conditions and the 
nature of the material to be treated. This will allow us later 
to expand our work to a techno-economic study. We also 
note that it is fundamental to test and to verify that the 
margin of the power variation is sufficient to increase the 
temperature of the product from 20 to 500 ° C.  
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