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Model-simulation investigations of induction motor with the
consideration of skin effect in rotor bars

Abstract. In this paper the mathematical model of induction motor with the consideration of the skin effect in squirrel-cage rotor bars is proposed.
This phenomenon is taken into account by making variable both rotor resistance and rotor leakage inductance, being the parameters of circuit
mathematical model of induction motor. The proposed mathematical model is compared to the other model with the variable parameters, known from
the literature sources, as well as this model is compared to the simplest circuit model with the constant parameters. The experimental verification of
the proposed mathematical model of induction motor was made in order to find out if the applied solutions are proper.

Streszczenie. W pracy zaproponowano model matematyczny silnika indukcyjnego z uwzglednieniem zjawiska naskorkowo$ci w pretach klatki
wirnika poprzez uzmiennienie rezystancji i reaktancji rozproszenia wirnika w obwodowym modelu matematyczny silnika indukcyjnego, odnoszgc
zaproponowane modyfikacje modelu matematycznego do innego, znanego z literatury sposobu uzmiennienia parametréw silnika oraz do naj-
prostszego modelu obwodowego o statych parametrach. Dla wykazania poprawno$ci zastosowanych rozwigzan przeprowadzono eksperymentalng
weryfikacje otrzymanych wynikéw badann modelowo-symulacyjnych proponowanego modelu matematycznego silnika indukcyjnego. (Badania
modelowo-symulacyjne silnika indukcyjnego z uwzglednieniem zjawiska naskérkowosci w pretach wirnika).
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Introduction

The operation of squirrel-cage induction motor when the
slip is higher than several percent, especially during direct
starting a motor, causes one-sided displacement of current
flowing in rotor bars. This phenomenon is known as a skin
effect. The accuracy of model-simulation results is higher if
the skin effect in rotor bars is taken into account. Especially
important is consideration of the aforementioned phenomenon
in the case of induction motors equipped with deep-bar
rotor or double-squirrel-cage rotor.

In this paper the simple method of taking into account
the abovementioned phenomenon is proposed. This method
consists in consideration of varying both rotor resistance
and rotor leakage inductance, being the parameters of circuit
mathematical model of induction motor. The proposed
mathematical model is compared to the other model with
the variable parameters, known from the literature sources,
as well as this model is compared to the simplest circuit
model with the constant parameters.

Variable parameters of circuit mathematical model of
induction motor are controversial for some authors of
papers, e.g. [1,2], due to the fact, the variable parameters of
circuit model are not entirely consistent with the assum-
ptions accepted for the mathematical model formulated on
the basis of Lagrange’s formalism, by which the parameters
of modeled system should be constant. According to these
authors the multi-squirrel-cage model based on constant
parameters should be used in case of motors equipped with
double-squirrel-cage rotor or deep-bar rotor [2]. The wound-
rotor induction motors and single-squirrel-cage motors with
circular bars may be described by the simplest single-
squirrel-cage model.

The mathematical model of induction motor based on
variable parameters, presented in this paper, differs from
the models formulated on the basis of Lagrange’s
formalism. The proposed model is based on circuit voltages’
balance equations of stator phase windings and rotor
equivalent phase windings, transformed from three-phase
system to Cartesian coordinate system. The experimental
verification of the proposed mathematical model of
induction motor was made in order to find out if the applied
solutions are proper.

Mathematical analysis

It is known, that the skin depth (magnetic diffusion depth)
may be defined by solving the magnetic diffusion equation,
that describes the diffusion of magnetic field and current
into conductor for quasi-magneto-static field or for low
frequencies of flowing current. The magnetic diffusion
equation may be derived from Faraday, Ampere and
Gauss’s laws
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(1) VxE=-—-, VxH=J;,  V:B=0

For linear materials with constant permeability x and
constant Ohmic conductivity y, moving with velocity V

2) B=uH, J; =y(E+VxuH)

The abovegiven equations may by reduced to one equation
by calculation of curl of the second equation (1) and by

applying the first and the second equations (2): V x (V X H):
=VxJ; =y[VxE+uVx(Vx H)]:y)/[—%_I+V><(Vx H)}

The double cross product of H can be simplified using the

vector identity Vx(VxH)=V(V-H)-V’H,
1 H

—V*H =a——V><(V><H), where H has no divergence
17)4 ot

from the third equation (1).

The following assumptions were accepted: (a) each
rotor bar without slot skew conducts current along the rotor
shaft axis — y (one-dimensional case), (b) the magnetic field
is in the z direction (along the unrolled rotor circumference)
and only depends on the x coordinate axis (along bar
height), (c) the fringing is neglected, and (d) the reference
coordinate system is connected to the rotor. Taking into
consideration the abovementioned assumptions it may be

o*H, o oH,
ox? ot

There is the sinusoidally varying magnetic field within

the conductor if the sinusoidally varying current flows via

conductor, so H,(x,t)= Re[ﬂz(x)ej“’t] .

hence

written 0.
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Taking into account the abovegiven dependency the

2
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following equation can be derived - jouyH, =0

with the solution H,(x)= A+ . A 141X/ \yhere the
skin depth ois defined as

.
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In the abovegiven dependency the variable f = f, is
frequency of rotor current, p is Ohmic resistivity of
conductor.

The skin depth o determines active area of bar cross-
section penetrated by the current at given frequency f,,
hence, the rotor resistance depends on o
Sp ~ ani
oby, o

(4) Rr=Rn =kRpy

where R, is rotor resistance transformed to the stator side
with the neglect of skin effect, S, is area of bar cross-
section, by, is width of rotor slot equal approximately to the
width of bar. Variable k, is the function of square root of
flowing current’s frequency, what may be expressed as
follows

f>

(%) kr = f
29r
where fy is frequency of rotor current for which the skin
depth is equal to the height of rotor bar.

In some literature sources, e.g. [3,4], the dependency
describing variable k; is given as a complicated function of
current’s frequency and conductor’s Ohmic resistivity

sh2& +sin2é
ch2& —cos2&
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by oy

(6) k,=¢& 1077

& =2,
where h, is height of rotor bar, b, is width of rotor bar, b; is
width of rotor slot, f, is frequency of rotor current, p is
resistivity of rotor bars. Both functions i.e. the proposed one
(5) and the function known from the literature sources (6)
are presented in Fig. 1, whereupon the parameters of the
exemplary induction motor were accepted.

kr
1.6
14
1.2
1.0 6

08 f (H2)

0 10 fy20 30 40 50

Fig. 1 Variable k, describing variation of rotor resistance as a
consequence of skin effect; the broken line is the proposed
approximation, whereas the smooth line is the approximation
known from the literature sources

The advantage of approximation known from the litera-
ture sources is higher accuracy whereas its disadvantage is
complication and discontinuity of function describing this
approximation at current’s frequency equal to zero.

The variable k; describing variation of rotor leakage
inductance, known from the literature sources, is also
defined as a function of flowing current’s frequency

_ 3 sh28+sin28

(7) k=
2& ch2&—cos2é

Comparing the dependencies (6) and (7), by analogy to (4)

the simplified dependency describing varying rotor leakage

inductance can be defined

(8) L, ~

where L., is rotor leakage inductance transformed to the
stator side with the neglect of skin effect.

The above modifications, that consist in making variable
the parameters of rotor winding, are introduced into circuit
mathematical model of induction motor consisted of voltage

equations describing stator and rotor windings and
expressed by spatial vectors

. d .
(9) Us = Rs!s +ags + Jwazs

.o d .
u-= Rr!r +Ezr + J(a)a — Ppy )Zr

where u, U, ¥, ¥, I, Iy are spatial vectors of voltages, fluxes
and currents of stator and rotor, R, R, are resistances of
stator and rotor windings, a, is angular velocity of rotor, p, is
number of pole pairs. Equations (9) should be completed with
dependencies (10) and equation of rotor motion (11)

(10) KS:L0515+Lm(is+ir), %:LdirJer(isﬂr)

do *
I dtm =Mg —Mp, , me = pblm(l/is'ls)

(11)

where L, Lo, Ly, are stator and rotor leakage inductances
and magnetization inductance, respectively, J;, is moment of
rotor inertia, m, is electromagnetic torque of motor, m, is
load torque coming from working machine (external load)
and motor losses (internal load).

Comparison of model-simulation results and experi-
mental results

Measurements of direct starting a motor were made
using the motor-generator set including: (a) squirrel-cage
induction motor with the following rated parameters read
from a data plate: type SZJe 34b; 1430 rpm; 4 kW; 220/380 V;
14,6/8,5 A; power factor 0,85 and (b) braking generator with
the appropriate parameters. The motor was connected
directly to the power grid of 400 V, then the phase current
and phase voltage varying with time were registered as well
as the instant power absorbed by motor phase winding was
calculated on the basis of measured values of voltage and
current.

Measurements of motor working with blocked rotor
(short-circuit measurements) and measurements of loaded
motor with rated load torque on motor shaft were also made
in order to determine values of short-circuit parameters of
motor (i.e. resistance and inductance of stator, resistance
and inductance of rotor for short-circuit state and load
state). Measurements of motor idle running were made in
order to determine values of no-load parameters of motor.
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Fig. 2 Measured and simulated phase current versus time during
starting the motor, where “prad” is current, “state parametry” are
constant parameters, ‘“zmienne parametry” are variable
parameters, “pomiar” is measurement, “czas” is time

Final correction of motor parameters was made on the
basis of measurements using test stand.

Comparison of time changes of measured and
simulated variables using: (a) test stand and (b) models
based on constant and variable parameters, is presented in
Fig. 2 and 3, respectively; the filtered variables using low-
pass filter FFT — 50 Hz are also presented.

The presented patterns of phase current contain
fundamental-frequency component (50 Hz) and low-
frequency component but magnitude of low-frequency
component in both mathematical models is higher than in
the case of measurement.

In the case of the mathematical model based on
constant parameters the process of starting the motor is a
bit longer in comparison with: (a) measurement and (b)
mathematical model based on variable parameters. It can
be concluded on the basis of duration of magnitude’s
decreasing of current and instant power’s oscillations. The
difference in duration is small because the squirrel-cage
motor tested experimentally was a standard motor (without
deep-bars). Thus, the increase of rotor resistance caused
by the skin effect during starting the motor is small in
comparison with the rotor resistance at rated slip. In case of
deep-bar motor, much higher increase of rotor resistance
caused by skin effect during starting the motor is expected.
Consideration of variable parameters in mathematical
model results in the faster decrease of magnitude of instant
power’s oscillation similarly to the case of measured power.

model, state parametry
moc chwilowa fazy a, W

fazya, W

pomiar, moc chwiowa
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moc chwilowa fazy a, W

fazya, W

pomiar, moc chwilowa

Fig. 3 Measured and simulated instant power absorbed by motor
phase winding versus time during starting the motor, where “moc
chwilowa fazy a” is instant power of a-phase winding

Conclusions

As a result of carried out investigations it was concluded
that in the case of circuit model of induction model based on
constant parameters the process of starting a motor was
longer than the process of staring a motor in the cases of
measurements and proposed mathematical model based
on the variable parameters. Duration of magnitude’s
decreasing of phase current and instant power’s oscillations
is similar in the cases of measurement and mathematical
model of induction motor based on variable parameters and
longer in the case of mathematical model of induction motor
based on constant parameters.
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