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Fast parametrized biorthogonal transforms

Abstract. In this paper the authors propose the buildling scheme of fast parametrized biorthogonal transforms taking advantage of data-flow graphs
for calculation of fast orthonormal transforms and two-point biorthogonal butterfly operators.

Streszczenie. W pracy zaproponowano schemat budowy szybkich parametryzowanych przekształceń biortogonalnych oparty o diagramy przepły-
wowe dla szybkich przekształceń ortonormalnych i dwupunktowe biortogonalne operatory motylkowe. (Szybkie parametryzowane transformacje
bi-ortogonalne)
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Introduction
In latter years, we could observe a dynamic development

of techniques for synthesis of parametrized linear orthonor-
mal transforms with properties that enable construction of ef-
fective computational algorithms. Parametrized transforms
in contrast to transforms with fixed base vectors have the
fundamental advantage of the ability to adapt to statistical
characteristics of signals. For example, fast parametric Haar-
type transforms that allow to set the first base vector to any
a priori assumed form were proposed in [1]. In paper [2] fast
two-stage parametric transform allowing to modify all base
vectors by manipulating the number of N/2 log2 N individual
parameters was proposed and the steepest decent gradient
technique was applied in parameters adaptation process. In
papers [3] and [4] parametrized variants of well known dis-
crete Fourier, Hartley and Slant-Hadamard transforms were
formulated.

In this contribution authors propose the building scheme
of fast parametrized biorthogonal transforms (FPBT) that
takes advantage of biorthogonal butterfly operators and the
data-flow graphs of fast algorithms for computation of or-
thonormal transforms.

Fast parametrized biorthogonal transforms
In the proposed building scheme of FPBT we take as the

starting point a data-flow graph of fast algorithm of orthonor-
mal transform with an arbitrary structure. In the remaning
part of the paper we make use of the following exemplary
two-stage graph presented in Figure 1. Its structure is char-
acterized by a symmetry facilitating software and hardware
implementation of the algorithm and relatively large number
of butterfly operators that increases the capacity and adap-
tive capabilities of the structure. In case of an orthonormal
transform butterfly operators "•" represent selected affine op-
erations that can be described in matrix form i.a. as Aij ,

Aij
Δ
=

[
cij sij
−sij cij

]
, A−1

ij
Δ
=

[
cij −sij
sij cij

]
,

where cij ≡ cos(αij) and sij ≡ sin(αij), A
−1
ij = AT

ij is an
inverse operator and αij is a parameter of an operator (see
[2]). As a result we obtain two-stage transformation with the
number of N(log2 N − 0.5) parameters.

In order to obtain biorthogonal transformation we replace
operators Aij with biorthogonal operators Bij proposed in
paper [5]. Then inverse butterfly operators are formulated as
B−1

ij (see paper [5]).

Bij
Δ
=

[
aij bij
cij dij

]
, B−1

ij
Δ
=

1

det(Bij)

[
dij −bij
−cij aij

]
.
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Fig. 1. Two-stage structure of fast parametrized biorthogonal trans-
form for N = 8

The following condition det(Bij) �= 0 must be satisfied to
ensure the invertibility of operators. Then forward transform
U is constructed as a product of Ui matrices that hold but-
terfly operators Bij belonging to succesive stages, i.e. U =
Un−1 . . . U1U0, where i is a stage index and j is an index
of operator at i-th stage. Inverse transformation U−1 is ob-
tained as a product of inverse matrices U−1

i taken in reverse
order, i.e. U−1 = U−1

0 U−1
1 . . . U−1

n−1 where U−1
i matrices

hold inverse biorthogonal operators B−1
ij . As an effect of ap-

plication of biorthogonal operators the norms and the angles
between base vectors of U transform can take any values
always different to zero. Both transforms U and U−1 hold
dual bases in RN space and ensure perfect reconstruction
of signals. Hence, we name U transform the fast biorthogo-
nal transformation. It should be noted that each operator Bij

is described with four adjustable parameters aij , bij , cij and
dij what finally results in the adaptable parametrized trans-
form. For the considered two-stage structure an entire num-
ber of parameters equals 4N(log2 N − 0.5).

Biorthogonal operators Bij are not convinient for auto-
matic adaptation, e.g. with gradient decent techniques, since
det(Bij) �= 0 condition must be satisfied. Moreover, what is
to be proved in following part of this section, the number of
4N(log2 N − 0.5) parameters is redundant and can be re-
duced to 2N log2 N with U transform undisturbed if only the
additional condition aij �= 0 is satisfied for each pair of in-
dices i and j. The excessive number of parameters is unde-
sired since it increases the dimensionality of a search space
during the adaptation process and induces longer description
of transformation itself.

It is to be noted that with assumed conditions each Bij

operator can be expressed in the following equivalent form:

Bij =

[
pij 0
0 qij

]
·
[

1 uij

vij 1 + uijvij

]
,

where pij = aij , qij = det(Bij)/aij and uij = bij/aij ,
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vij = aijcij/ det(Bij), while pij , qij �= 0. Multipliers pij
and qij are only the scaling factors for outputs of an oper-
ator and that mutliplications can be enclosed within opera-
tors B(i+1)j in the consecutive layer. Let rij and tij be the
multipliers transferred from (i − 1)-th layer to operator Bij .
Evidently rij , tij �= 0 for each pair of i, j. Then:

Bij

[
rij 0
0 tij

]
=

[
p̂ij 0
0 q̂ij

]
·
[

1 ûij

v̂ij 1 + ûij v̂ij

]
,

where p̂ij = pijrij and q̂ij = qijtij , ûij = uij(tij/rij) and
v̂ij = vij(rij/tij). Applying the above-cited scheme layer by
layer we obtain a structure where Bij operators are replaced
with operators of the following form:

Cij
Δ
=

[
1 ûij

v̂ij 1 + ûij v̂ij

]
.

Since for each pair of indices i, j the condition det(Cij) = 1
is satisfied an operator inverse to Cij takes form:

C−1
ij

Δ
=

[
1 + ûij v̂ij −ûij

−v̂ij 1

]
.

Multipliers p̂ij , q̂ij emerged from the last layer form an addi-
tional diagonal layer with elements di for i = 0, 1, . . . , N−1.
Hence, assuming that det(Bij) �= 0 and aij �= 0 for all i, j
we obtain structure (see Fig. 2) equivalent to one presented
in Figure 1. However, such structure has the following advan-
tages: firstly each operator Cij (C−1

ij ) regardless of the val-
ues of parameters has its determinant equal to one, secondly
operators Cij (C−1

ij ) require only two parameters and for cal-
culation of their outputs only two multiplications are needed
(see (1)). That is twice less number of multiplications than in
case of Bij operators while a constant number of additions
is retained.

Cij =

[
1 0
v̂ij 1

]
·
[

1 ûij

0 1

]
,(1)

C−1
ij =

[
ûij 1
−1 0

]
·
[

v̂ij −1
1 0

]
.

The structure of FPBT from Figure 2 can be character-
ized by the computation complexity: LMUL = 2N log2 N
and LADD = 2N(log2 N − 0.5) where LMUL and LADD

are the numbers of floating-point multiplications and additions
respectively.
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Fig. 2. Equivalent fast structure with the reduced number of param-
eters for biorthogonal transform of N = 8 length

Experimental results
In order to verify the effectiveness of FPBT with structure

from Figure 2 several experiments in Generalized Wiener fil-
tering (GWF) [6] were conducted. The scheme of GWF is
presented in Figure 3. At its input we feed x signal buried in

additive noise ε which is filtered in A transform domain with
filter G. At the output a reconstructed with transform B ver-
sion x̂ of input signal is obtained. The practical selection cri-
teria of matrices A, B and G should take into consideretion
not only the minimization of mean square error (MSE) be-
tween demanded x and the reconstructed signal x̂ but also
the minimization of the number of computations. Hence, in
practical solutions A represents usually a fast orthonormal
transform, B = AT and G is taken as a diagonal matrix DG.

x+ ε
A

G

B
x̂

Fig. 3. Generalized Wiener filtering

In the first part of experiments we considered electrocar-
diogram signals (ECG) buried in pink noise i.e. noise with
power spectra density inversely proportional to frequency.
The results in filtering with FPBT were confronted with re-
sults for discrete cosine transform (DCT) and optimally se-
lected diagonal filter matrix DG. The choice of DCT was mo-
tivated by a fact that it produced best results among known
fast orthonormal transforms with fixed bases. In FPBT fil-
tering scheme we resigned from matrix G in explicit form
connecting two structures from Figure 2 where one structure
is transposed. The resulting data-flow diagram represents
product of two matrices A and B and from a structural view-
point it can be described as two-stage structure - diagonal
layer - two-stage structure. Input vectors x+ε of the following
lenghts N = 32, 64 and 128 (see Figure 4) were considered
during this experiment. Moreover, to gain the statistical sig-
nificance we examined 60 sets with 5000 vectors each. How-
ever, calculation of optimal filtering matrix for DCT as well as
selection of parameters for FPBT with use of steepest decent
technique were realized on the basis of a single set of training
vectors. The representative results for FPBT and DCT based
filtering are presented in Table 1 in the form of peak signal to
noise ratios (PSNR).

0 200 400 600 800 1000 1200

x(n)

4

2

0

2

4

6

8

0 200 400 600 800 1000 1200

x(n) +ε(n)

6

4

2

0

2

4

6

8

0 200 400 600 800 1000 1200

x̂(n)

4

2

0

2

4

6

Fig. 4. Exemplary portions of ECG signals: demanded x, input x+ ε
and filtered x̂

An analysis of obtained results exhibits significant ad-
vantage of FPBT over scheme based on DCT and diagonal
filtering matrix. The mean value of PSNR gain is highest for
input vectors with length N = 64 and it equals 1.33 dB. For
the remaning values of N = 32 and 128 the resulting gain
is 1.09 dB and 0.74 dB high respectively. The lowest advan-
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Table 1. The PSNR results in filtering of all sets of 5000 vectors with
lengths N = 32, 64 and 128 with use of DCT, FPBT scheme and
optimal filter (OF) where min., mean and max. symbolize minimal,
mean and maximal values respectively

DCT FPBT OF
[dB] [dB] [dB]

N = min. mean max. min. mean max. mean
32 20.9 23.2 25.5 21.6 24.3 26.9 24.5

64 22.1 23.9 26.0 23.4 25.3 27.5 25.6

128 25.2 26.9 28.2 26.7 27.6 28.1 29.0

tage of FPBT for N = 128 might be a result of convergence
of gradient technique to local minima. It should be noted that
the mean distance between FPBT and optimal filtering for the
considered values of N equals in sequence 0.23 dB, 0.29 dB
and 1.43 dB. For N = 32 and 64 the distance is small and it
can be stated that FPBT results are close to optimal.

In DCT based filtering scheme optimal 2m+ 1 diagonal
filtering matrices DG for m = 1, 2, . . . , N−1 were also con-
sidered. The obtained results revealed that the values of m
close to N were required to obtain PSNR values comparable
with those of FPBT. However, high values of m induce signif-
icant increase of computational complexity. For instance for
N = 64 the sole filtering required additional 3958 multiplica-
tions and 3894 additions while FPBT scheme demanded the
total number of 1472 multiplications and 1408 additions.

In the second part of experiments we confronted the pro-
posed FPBT based filtering scheme with GWF scheme tak-
ing advantage of fast parametrized Slant-Hadamard trans-
form (FPSHT) formulated in paper [4]. The experiment com-
plied with the methodology proposed in [4], i.e. input vectors
can be characterized by general autocorrelation model (2)
and are buried in white uncorrelated noise keeping the unit
value of signal to noise ratio. The obtained results in MSE
are collected in Table 2. The autocorrelation matrix for de-
manded vectors x takes the following form:

Rx(m,n) = exp
{
− [

(αmr1)h + (χnr2)h
]1/h}

(2)

for n, m = 0, 1, . . . , N − 1 where: r1 = 1.137, r2 = 1.09,
h =

√
2, α = 0.025 i χ = 0.019.

Table 2. The MSE results obtained for general autocorrelation model
Rx and DCT, FPBT, fast parametrized Slant-Hadamard transform
(FPSHT) and optimal filtering (OF) scheme

N
4 8. 16 32 64

OF 0.2134 0.1342 0.0942 0.0809 0.0814

DCT 0.2139 0.1364 0.1024 0.0995 0.1181

FPSHT 0.2139 0.1364 0.1023 0.0985 0.1149

FPBT 0.2134 0.1342 0.0942 0.0809 0.0814

It should be noted that FPSHT based scheme produced
results significantly better than DCT filtering. However, the
results obtained with FPBT are identical to the optimal val-
ues for all lengths of N = 4, 8, 16, 32 and 64. Hence, it can
be stated that the proposed FPBT under the conditions dic-
tated by the experiment is optimal in the sense of MSE metric
keeping the fast computational structure at the same time.

Conclusions
Biorthogonal linear transforms include the subclass of

orthonormal transformations without restriction in the form of

orthogonality and unit norms of base vectors. Hence, the
possible range of their applications is much wider and in-
cludes directly such issues as: signal classification, general-
ized Wiener filtering [6] and blind source separation exploiting
independent component analysis techniques [7].

The results obtained in this paper for general Wiener fil-
tering of ECG signals corrupted with pink noise indicate a
significant advantage of fast parametrized biorthogonal trans-
forms which produced results better on average at about 1
dB than filtering sheme using fast orthonormal DCT trans-
form and diagonal or 2m + 1 diagonal filtering matrix for
m = 1, 2, . . . , N−1. Also, the results obtained in the second
part of experiment for signals with Rx autocorrelation matrix
(see (2)) indicate an advantage of FPBT not only over DCT
but also over fast parametrized Slant-Hadamard transform.
Equally important is the fact that they do not differ from opti-
mal results. Thus proving the effectiveness of the proposed
biorthogonal transformation in signal filtering we indicate as
future directions of research a verification of the possibilities
to use the proposed transforms in other, above-mentioned in
this contribution, issues in the field of analysis and filtering of
signals.

It should be noted that proposed in this paper method
of reduction of the number of multiplication in biorthogonal
structure can be successfully applied to reduce the complex-
ity of other fast structures, including the structures for calcu-
lation of orthonormal transforms. A similar method of tangent
multipliers with application to two-stage fast computational al-
gorithms for cosine and sine transforms of type two and three
was proposed in paper [8].
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