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Analytical Model of a Switched Reluctance Motor
for its Optimization — Selected Problems

Abstract. An approach to modeling of a 6/4 type switched reluctance motor (SRM) is described in the paper. The modeling procedure is based on
the reluctance network method and analytical solution of an ordinary differential equation. It allows for estimation of the torque, efficiency and
acoustic noise of the motor taking into account the magnetic non-linearity and the control algorithm to keep a constant power. Some problems
arising from the existence of mutual inductances are described as well. In a corresponding example eleven geometrical and winding parameters are
supposed to be the input parameters in a corresponding synthesis program. Model is validated by means of FEM calculations. The proposed

approach can be employed in designing and optimization of the SRM.

Streszczenie. W artykule zaprezentowano sposéb modelowania silnika reluktancyjnego przetgczalnego typu 6/4. Model oparty jest na metodzie
sieci reluktancyjnych oraz quasi-analitycznym rozwigzaniu réwnania rézniczkowego zwyczajnego i pozwala na wyznaczenie wielkoSci takich jak
moment, sprawno$¢, hatas magnetyczny, uwzgledniajgc nieliniowo$¢ magnetyczng rdzenia i sposob sterowania na stata moc, w oparciu o
kilkana$cie parametréow wejsciowych charakteryzujgcych konstrukcje. Weryfikacjia modelu zostata przeprowadzona metodg elementéw
skonczonych. Proponowane podejscie moze byc¢ wykorzystane w projektowaniu i optymalizacji SRM. (Model analityczny silnika reluktancyjnego
przelgczalnego do wykorzystania w optymalizacji — wybrane problemy).

Keywords: switched reluctance motor, modeling, reluctance network, analytical calculations.
Stowa kluczowe: silnik reluktancyjny przetgczalny, modelowanie, sieci reluktancyjne, obliczenia analityczne.

Introduction

A model of an electric motor, which could be used in its
design and optimization process, should satisfy two usually
contradictory requirements: high accuracy and high
computational effectiveness. There are different strategies
to reach this goal. A high accuracy can be achieved in
models based on numerical field calculations, for example
FEM models, but a disadvantage is their relatively low
effectiveness. Much higher effectiveness can be achieved
in models based on simple analytical calculations.
Unfortunately, an important constraint of the analytical
models is their relatively low accuracy. For this reason
analytical models are usually verified by means of
experiments and/or corresponding FEM models.

A model used in electric motor design process should
be able to estimate quantities representing motor
properties. More important are: load current,
electromagnetic torque, speed, efficiency and motor cost
under some assumed operation conditions (supplying
voltage, temperature, and load). Sometimes, for instance in
SRM, additional parameters like acoustic noise or torque
ripples are very important.

Many papers devoted to optimization of the SRM are
based on FEM models with auxiliary lumped parameter
parts defined by means of analytical formulae [1], [2], [3].
The lumped parameter model proposed in this paper is
based only on analytical calculations, which concern
magnetic circuit (reluctance network method) and transient
simulations (quasi-analytical solution of an ordinary
differential equation). Arising nonlinear algebraic equations
are solved numerically. The presented model is a summary
of a research work started by the authors a few years ago
[4]-[6].

A base initial construction in modeling is a 6/4 type SRM
described in [7]. According to experimental results used in
model validation there, it can be considered as a credible
relevance in a verification process performed for other
models. The following motor parameters were considered to
be of prime interest for the analyzed SRM: the mean value
of the electromagnetic torque, the relation of the mean to
max value of the electromagnetic torque, efficiency,
magnetic noise level and motor mass. Model enables
determining all quantities necessary to define criterial
functions and feasible region in optimization, in particular

the power loss components, the electromagnetic torque
parameters, the magnetic radial force, for a constant
angular velocity. It takes into account the magnetic non-
linearity based on a M400-50A electrical sheet with specific
loss 3.74 W/kg (for 1.5T/50Hz). Mutual inductances are
neglected in the model, but consequences of this
assumption are discussed. The proposed model is a main
part of a synthesis program in motor construction
optimization.

Validation of the proposed SRM analytical model has
been performed by means of 2D FEM analysis, but some
results were referred to an experimental data given in [7]
and [8] as well.

Analytical model and synthesis program of the SRM

Description of the Model

The model enables determining all important motor
quantities, for instance the load phase current,
electromagnetic torque, flux density in the stator pole, and
radial force acting on stator pole of the SRM, as time
functions dependent on motor parameters and operation
conditions, with accuracy required for gradient optimization
routines. A constant velocity and one pulse mode operation
of the motor is assumed in the computation. Some
preliminary results had been published in [5], other detailed
information can be found in [6].

The set of input quantities in the synthesis program
comprises such motor parameters as: geometrical
dimensions r,, ry, sy, T Fsin by by g (Fig. 1), core length /,
the number of turns per phase winding N,,, diameter of a
conductor, the DC voltage E supplying phase circuit, the
rotor angular velocity w = n*7730 and assumed input active
power P;,.

At the beginning of calculations based on the reluctance
network method, the phase winding inductance L(i,¢) is
determined as a function of phase current i and angular
rotor position ¢@. In this approach the cross-section area of
the core is divided on a number of regions with constant
magnetic flux called “flux tubes”, see Fig. 2. Some
numerical experiments had been performed to check an
influence of tubes number and their arrangement on
calculation accuracy (basing upon FEM calculations related
to the initial construction) and time. It had been found that 6
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describing elementary magnetic circuits for all tubes makes
it possible to calculate necessary quantities, in particular the
phase winding inductance L(i, ¢).

Fig.2. Magnetic field in the SRM core and a corresponding flux
tubes arrangement for a selected rotor position ¢ = 75°

This function must be smooth enough to protect gradient
optimization routines from a prematurely stop and wrong
calculation results. The following approach has been
applied in the model to achieve this goal. Firstly, a set of
predefined rotor positions {¢, ¢, ¢, @ @.} selected partly
after [9] and [10], starting from unaligned rotor position ¢, =
0 and ending at the aligned one ¢, = #/N,. (where N, is a
number of rotor poles), together with additional sets of equi-
spaced positions in each subinterval, have been defined,
see Appendix A.

Next, a smoothing spline function has been applied to
the set of inductance values {L(¢,)...., L(¢.)}. A periodicity
property of the L(¢) is sufficient to extend this function to
any desired interval of the rotor position ¢.

In the next step, basing upon the L(¢), a function of a
flux linkage $(i,¢) and its both partial derivatives are
calculated.

The phase winding resistance R results from dimensions
of the stator pole and winding parameters. In the paper it
comprises an additional resistance representing internal
resistance of the constant voltage source, the supplying
wires, and the converter elements as well.

The torque function 7, in the model results from a
magnetic co-energy function differentiation:

) i) = % { L(i, )idi

The phase current function i(?) is determined as an
quasi-analytical (piece-wise constant) solution of the
following non-linear differential equation:

(’;"P(z, ) di ro (’;"P(z, )

o dt op

where: u — phase voltage, i — phase current, ¢ — time, o —
angular velocity, ¢ — angular rotor position, ¥ — flux
linkage,

R — phase resistance.

The equation (2) is solved in the paper for a constant
angular velocity w = n*z/30, for n = 3500 rpm, and a phase
voltage function u(z) defined below:

) u=Ri+

154

E, if 0<¢p<g¢, and i20
. 2

u=4-F, if —”2(0>(p0/f and >0
NI‘
e 2

0, if 7”2;0>%ﬁ and i=0

”

The equation (2) is solved only for one phase. The
voltage E is assumed in the paper to be 160 V (or 215 V for
higher rotor speeds » > 5000 rpm). The assumption i = 0 in
(3) results from an assumed inverter configuration. The g¢,;
angle is a solution of a proper non-linear algebraic equation
in each optimization iteration, to obtain the required
reference value of the motor input active power P;, = 35 kW.
This input power is used as a reference instead of output
one, what is a common case, because this way the
calculation procedure in the model became much simpler at
a little loss of accuracy. Both poles of one phase are
connected in parallel. The above assumptions concern all
calculations performed in this paper.

Troubles with a convergence of the optimization routine
appear when the equation (2) is solved numerically [4].
Fortunately, the partial derivatives of the flux linkage can be
represented by its piece-wise constant approximation to
solve (2) analytically with a good accuracy. These partial
derivatives are calculated for all subsequent time intervals
[t 1.1, where "= 1}, k=0, 1, 2, ..., using look-up tables,
see Appendix B.

The input power value P;,, = 35 kW was selected to be
approximately the same power value as that achieved in [7]
by the real machine for the rotor velocity » = 3500 rpm.

In the next step the following quantities are calculated:
the maximal values of the flux density in main motor parts
(denoted by the subscripts x = rp, ry, sp, sy, see Fig. 3), time
functions of a torque, and a magnetic radial force.

Fig.3. A scheme for flux density calculations

The flux density B,. in a motor part “x” has been
calculated according to the formula:

(4) By =

where k, = 1 for poles and k; = 0,5 for yokes, 1) is a
magnetic flux time function, and the quantity 4, is a cross-
section area of a corresponding motor part (Fig. 3).

The magnetic radial force F,, is calculated from the

formula:
T 2
(¢aligned [l’ ¢ = 4JJ

2l ((FSP - g)@ + g]

(5) F;‘ad (l’ Q)) = L4Frad (l’ Q)) -
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where Ly....(i,p) is an auxiliary inductance function, which
takes the advantage of the similarity of shapes of functions
L(i=const, ¢) and Fq(i=const, ¢) (see Fig. 4 and Fig. 5):

%) e L(i = i* ¢)—min(L(i = i* ¢))
©) Luali=i%0) max(L(i = i* ¢))—min(L(i = i* ¢))

The other quantities in (5) are: g, S. — the stator and rotor
pole arcs, g — the air-gap length (Fig. 1), I — the stack
length, r,, — the stator pole radius (Fig. 1), uy — the magnetic
permeability of a vacuum, and ¢@,;...c — the magnetic flux at
an aligned position of the rotor.

Ly

i =15789 A

Inductance, L [mH]

Radial force, Fy [

0 5 15 25 35 45

Fig. 4. Inductance function L and a magnetic radial force F,,, versus
angular rotor position for a constant, low current value (no
saturation, FEM calculations results)
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Fig. 5. Inductance function L and a magnetic radial force F,,, versus
angular rotor position for a constant, high current value (saturation,
FEM calculations results)

Output parameters of the model — quantities for motor
optimization

All important quantities, which can be used in the
synthesis program to define criterial functions and a feasible
region are derived in the model: the average value T,, of
electrical torque function 7,(¢), the ratio of the T, to the max
T, (the torque ripples quantity T,,.....), efficiency 5, acoustic
noise level L,,, (a magnetic component) and total mass m,),
(or the cost of materials).

If the function T,,(¢) is an electromagnetic torque
produced by one phase current, then:

1o
w Nr [0}
(7) Tav = NthrZ .([Tel(t)dt
and:
T
T — av
(8) av2 max max(Te, (l))

The above relationships are correct if the current values
in two phases during the commutation do not cause the
saturation (it is possible in the analysed cases if holds 0° <
9o < 30°). This assumption reduces calculation time and
improves the optimization calculation convergence.

If V; is a volume of a jth motor element characterized by
its specific mass p;, than the material mass m,, of the motor is:

9) My =2 Vp;
J

The motor efficiency is defined in the paper as:
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P[n — APF@ — APCM — APmech .100%
P.

in

(10)  #n=

where active power components are:

o P, — input active power
Lo
Nr [} ’f
_w g @ k -k
(11) B’n_ZNerh Juldt:—” erhZ.[” i“dt
0 k4

o

The procedure of integration calculations has been
reduced to one stator phase winding and a revolution angle
equal to one rotor pole pitch. The integration is performed in
each kth time interval [1)", "], see the description of solving
procedure of the equation (2) in Appendix B.

o APg, — electrical loss in the stator winding
12z
N, o
R r
_w pole )
(12)  APq= NN, [i?at

0
R, 1s @ resistance of one pole winding.
o APp, — iron loss in the magnetic core

APFe = Z(APFehx + APFeex)

X

where 4Py, and 4Py, are hysteresis and eddy-current

“_n

loss components in the “x” core part, see Fig. 3.

An accurate determining of the iron loss is difficult due
to a complex shape of the flux density functions in different
core parts [11]. In the paper the iron losses are estimated in
a simplified way, basing upon an assumption that the
functions of magnetic flux density in motor core parts can
be approximated by means of a linear spline. The example
of the flux density function on Fig. 6 justifies this decision.

-——-'Buu'p

(13)

- :--u-'

0 time, ¢

Fig. 6. Flux density function B,, in the middle of the rotor pole for one
complete rotation of the rotor (FEM calculations for » = 3500 rpm)

If the flux density function in the rotor pole is as on Fig. 6,
then:

— Y
(14) APFehrp_Ch ((Ns - 4) 0.4+ 2)% ererVrpkstk
and:
(15)
B, (B,
_ mrp mrp w
APFeerp_Ce [t_J tg +( tf J tf 'Ns ZNrVrpkstk
g .

where V,, is the rotor pole volume, C, and C, are the
coefficients of hysteresis and eddy-current losses, &, is the
stacking factor, N, is a number of stator poles. The total iron
loss value can be obtained after applying a similar
procedure to the other parts of the magnetic core, basing
upon corresponding flux density functions presented on
Figures 5 and 6 in [4]. The constant 0.4 in (14) represents
minor hysteresis loops according to [11]. The above
procedure worked out for calculation of iron losses can be
employed if ;< 30°.
o AP,., —mechanical power loss [2]

(16)  AP,,,=13(1-2r, )01-n)(2r, )
where n [rpm] is the rotor speed.
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Acoustic Noise

In the paper the acoustic noise prediction is based on a
simplified analytical model described in [12], [13], [14]. It
comprises the following analyzed components: determining
a magnetic radial force time function, a frequency domain
analysis of the radial force, a modal analysis of the stator,
determining amplitude of dynamic deflection of the stator,
and a sound power radiated by the motor.

The magnetic radial force time function in the SRM is a
non-sinusoidal waveform and the acoustic noise analysis
must be performed for every important sinusoidal
component of the radial force time function. Moreover, the
sound power level of every frequency component should be
weighted (using A-weighting curve) because of the human
ear properties. The A-weighted sound power levels L, for
every hth order frequency component are combined to give
one single value L,,, which enables an effective
comparison of different constructions of the motor:

7 L, = 1010g(2100“‘““h j
h

The noise level is analysed on the area of the source of
radiation. The sound power level L, related to a frequency
component f,.. can be expressed as:

P, :
(18 Ly(fu)=10l0g] Do)
Psuund,reff
where P,,.q,r 1S a reference sound power equal to 10" w,
and P, is the sound power radiated by the motor:

— 3,2 2
Psmmd Ofexc) - Z 4O-rel Pair€air® fechcircum rol
m

where: f,.. — excitation frequency, o,, — modal radiation
efficiency [13], ¢, — travelling speed of sound in the air
(m/s), pa- — density of air (kg/ms), m — order of a mode (-)
D ireum — @amplitude of dynamic deflection [12], [13].

The modes m = 0, 2, 4 representing the majority of
sound power for 6/4 type SRM [14] are considered in the
model.

Model Validation

The quality of the optimization results depends strongly
on an accuracy of the applied model. The validation
calculations concerning the analytical model used in the
paper have been performed in two ways. Firstly — by means
of a 2D finite element analysis, and secondly — by means of
a comparison with experiments described by other authors
for the same switched reluctance machine [7], [8].

(19)

_ 3{[=--FEM
B25[——AM
< 2
g
215
R
=
=05
0

0 5 15 25 35 45
Angular rotor position, ¢ [deg]

Fig. 7. A comparison of phase inductance function L(¢) obtained
by analytical model (AM) and finite element model (FEM), for two
values of the b,,

Firstly the comparison has been performed for the
phase inductance function L(p) calculated for different
values of geometrical parameters (and constant current).
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Calculation results for two values of the b,,: 10% higher and
10% lower in relation to the base construction from [7] are
shown on Fig. 7.

Some verification results for the E-M torque of the base
construction are shown on Fig. 8, as a comparison of static
torque functions for a few constant values of the current.

300 .
i = 600,00 A_ -»-FEM
250 — AM ||
i=3473T7TA
i = 221,05 A
200 i 1LOS A 5
i=157,89 A

i=78,947A

E-M torque, T, [Nm]

50¢

0 5 15 25 35 45
Angular rotor position, ¢ [deg]

Fig. 8. A comparison of static torque function obtained by
analytical model (AM) and finite element model (FEM), for a few
constant values of the phase current (base construction)

Secondly, the comparison had been done for time
domain simulations at constant rotor speed, under
conditions described in the second paragraph, but for an
arbitrarily imposed turn-off angle ¢, The phase current
functions obtained for both the analytical and FEM models
are shown on Fig. 9.

An important assumption in the paper is that the
influence of mutual inductances can be neglected. Two
tests of motor operation with the help of FEM analysis have
been performed to check its validity. In the first one only
one phase was supplied (like in the analytical model,
without the mutual inductances; it is denoted "1 phase
supplied” on Fig. 9), and in the second one - all three
phases were supplied, (the "3 phases supplied” case on
Fig. 9) according to control algorithm. In experiments, if a
phase is switched on at ¢ = 0°, the next one is supplied at ¢
= 360/N,/N,, where N, is the number of stator phases (it is
a characteristic value for the analysed motor, ¢ = 30°).

I =600
e FEM, 3 phases supplied
; 400 — AM, | phase supplied
’E o
o Fof =
; 200 no mutual inductance effects
%
Z 0 ?
0 20 40 . 60 80 90
Angular rotor position, ¢ [deg]
“ ET) 600 s
-_;- '\ ++=« FEM, 3 phases supplied
£ AN ==FEM, | phase supplied
= 4000 e : [ =AM, I phase supplied
E k. Vo, =35
3 200/ T
5 g N
201 0 i R el

0(] 20 40 60 80 90
Angular rotor position, ¢ [deg]

Fig. 9. Influence of mutual inductances. A comparison of phase

current functions obtained by analytical (AM) and finite element

models (FEM), for two values of the ¢,; and two cases of FEM

simulations — for all three phases supplied, and for one phase

Usually a value of a mutual inductance is small in
comparison to a value of the main inductance.
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Unfortunately, if saturation occurs, the both inductance
values can be of the same order. To examine it, the “1
phase supplied” case of the analytical model and “3 phases
supplied” case of the FEM model have been performed
twice: firstly — when the first phase is switched off at ¢ = 30
degrees (Fig. 9.1), and secondly — when the first phase is
switched off at ¢ = 35 degrees (Fig. 9.11). In the second case
the influence of the mutual inductance is remarkable - when
the first phase is switched off at ¢ = 35 degrees, instead of
30 degrees, the current in the next phase is already about
200 A and the saturation occurs.

Fig. 10 shows a comparison of time domain torque
function at constant speed 3500 rpm, for three different
values of the by,

200

E-M torque, T, [Nm]

5 10 15 20 25 30 35
Angular rotor position, ¢ [deg]

Fig. 10. A comparison of time domain torque function obtained by
analytical model (AM) and finite element model (FEM), for different
values of the bxp, at constant speed

Table 1. Output parameters of the analytical model in comparison
to the FEM maodel, for three different values of the b,,

by, [mm]
Output 31,550 34,705 28,395
Base New | Relative | New | Relative
parameter
value |value | change | value | change
(%) (%)
Piyam [KW] 35,00 | 35,00 0,00 | 35,00 0,00
Py rev [kW] 35,24 | 35,17 -0,20 135,44 0,58
| Popam [] 26,94 | 29,28 8,71 | 25,22 -6,37
| @omrrem [] 26,29 29,16 | 10,91]24,06| -8,49
Twam [NmM] 88,20 | 89,87 1,89 | 86,22 -2,25
Tuvrem [NM] 86,94 | 87,83 1,02 | 85,87 -1,24
Tavamaram [] 0,59 | 0,68 1548 | 0,52| -12/48
Tvomarrim [-] 0,57 | 0,69 21,11 | 0,48| -15,69
Fruimaxam [KN] 7,06 7,69 8,91 | 6,51 -7,89
Fraamaxpim [KN] 523 | 6,41 2243 | 4,36| -16,73
Frdav.av [KN] 1,41 1,71 21,46 | 1,19| -1546
Fradav.ren [KN] 1,05| 1,44 36,99| 0,82| -22,02
L4414 [dB] 97,48 | 95,39 -2,15 | 95,56 -1,97
Lysren+ [dB] 91,83 | 93,31 1,62 [ 90,45 -1,50
AP v [KW] 0,63| 0,68 7,89 | 0,61 -3,17
APrerpn [KW] 0,63 | 0,71 11,75 | 0,59 -7,41
APc, 4 [KW] 147 127 -13,41| 1,70 15,55
APy rer [KW] 140 117 -16,31| 1,68 19,93
n.am [%] 93,27 | 93,69 0,45 | 92,68 -0,64
n.rem [%] 93,50 | 93,93 0,46 | 92,88 -0,66

AM — Analytical Model, FEM - Finite Element Method
(*) calculated in the same way as in the analytical model, but
for radial force obtained from finite element model.

A comparison of the proposed FEM model with the
results of measurements presented in the papers [7] and [8]
has been shown on Fig.11. There is a level of uncertainty of
the results on Fig.7 caused by the assumptions in the
proposed model, in particular:

e no PWM, only one-pulse mode supplying voltage,
e aconstant turn-on angle ¢,, = 0°,
e the converter consists of ideal elements.
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Very likely electrical steel properties in the models are
not the same as in [7].

;; —FEM
= = = =Measure [7], [8]
gi,l- : e L T TR |
2™ ol - -
= 4000 6000 8000 10000 12000 14000
. Rotor speed, n [rpm]
g2 _ 4 -
=
oA ] p—
B T T
TS 0 I . .
4000 6000 8000 10000 12000 14000
4 Rotor speed, n [rpm]
] ; ————————
g X S R o =
s g 2 =" R
=3 0
4000 6000 8000 10000 12000 14000

Rotor speed. n [rom]

Fig. 11. The comparison of some quantities for the proposed FEM
model and the real machine [7], [8]

Output parameters obtained with the help of both the ana-
lytical and finite element models are presented in Table 1.

Conclusions

The computer program used in the paper was
implemented in Matlab environment. The time of
calculations performed for one call of the synthesis program
(determining all criterial and constraint functions) was below
60 sec on a PC with Intel PIV 3.0GHz processor. The
proposed approach seems to be useful when searching for
the best design of an SRM. It can be expected that an
extension of the model by a better representation of an
inverter, considering the mutual inductances of the stator
phase winding as well as heating model, would increase the
credibility of optimization results.

Due to verification results in Table 1 for the magnetic
noise level it seems to be justified searching for some other
criterial function, representative for the noise, to be used in
optimization [5], [6].

The described modeling procedure allows applying
gradient routines in optimization process and increasing its
effectiveness.

Appendix A : Rotor positions used in calculations

¢, =0
b )
7T—ﬁs—arcsin[ ‘e ]
N, 2 21,
b
P =1 ... for &+arcsin 2 P
2 2:r, | N,
b,
0 for &+arcsin >
2 25, ) N,
7[ ﬂs' ﬁr ﬁY ﬁr 7[
-2 for 4l <—
oM 22 for 3 N, (1.A)
0 for &+&2L
2 N,
T B B
—+—=—-—=for <
A for B <P,
a7V x B, B,
—-—=4+=L for >
N2 Jor B> p,
@, =N,
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where 4, = 2*sin” (b,,/(2*r,,)), B = 2*sin” (b, /(2*(r,s - )))
are the stator and rotor pole arcs angles.

APPENDIX B. AN APPROXIMATE ANALYTICAL SOLUTION OF
EQUATION (2) CAN BE DERIVED AS FOLLOW.
If in an kth time interval [¢,* 211, (1/"'=¢},k=0,1, 2,
...), we can assume that:

85”(1’, (p) - 85”(1’, (p) _c*
N A (1.8)

0% (i, p) _o%ie)  _ '
op te[t{)‘,tf]_ 0P lp=yk ’

than an analytical solution of the equation (2) in the kth
interval exists and can be presented in the form:

o,k
exp[ﬂt—c)] —ut+ a)CZf,

okd

l

>

-R
if —a)C(I;—Ri(])c >0

o,k
exp[M]+uk —wCt

4
c

(2.B)

R
if —qul;—Rig <0
—ut +wC£
—-R ’
if u*-wCy—Rij=0

where e [t/ t.']; ¥, @ and R (see par. Description of
the Model) are constant for a k; if'= ' (+}"); C*isa
constant, which results from initial conditions:

ck=$+%($m@k-wcg-R$ (3.8)
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