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Clock Error Control Algorithm for X-ray Pulsar-based Navigation
Using a Single Detector

Abstract. The clock error control algorithm for X-ray pulsar-based navigation using a single detector is proposed. In this algorithm, the clock error
on-board is also considered as a component of the explorer’s state, and then it can be estimated during the navigation process. Moreover, an
improved measurement model that uses both current and prior measurements is established. The comparison between two available measurement
schemes is performed by the theory of nonlinear observability analysis. The result clearly shows that the explorer should sequentially measure
different X-ray pulsars over the whole period of navigation for obtaining a desired performance. However, as compared to the multi-pulsar algorithm,
the proposed algorithm suffers from loss of accuracy albeit to a magnitude tolerable for deep space navigation. The algorithm provides a prospective
way for the realization of X-ray pulsar-based navigation.

Streszczenie. Zaprojektowano algorytm kontroli bfedu zegara stosowanego w nawigacji w przestrzeni kosmicznej przy pomocy pulsara X
(promieniowania rentgenowskiego) i pojedynczego detektora. W algorytmie btgd zegara poktadowego rozpatrzono jako sktadnik réwnan stanu statku
kosmicznego, nastepnie przeprowadzono jego oceng w procesie nawigacji. Ponadto przyjeto ulepszony model pomiarowy, wykorzystujgcy zaréwno
biezgce jak i poprzednie pomiary. Poréwnano dwa dostgpne schematy pomiarowe, wykorzystujgc nieliniowe analizy obserwowalno$ci. W pierwszym
ze schematow, aby otrzymac satysfakcjonujgce parametry nawigacji, statek moze sekwencyjnie mierzyc rézne pulsary X w catym okresie nawigacji.
W poréwnaniu do algorytmu wielo-pulsarowego, proponowany w niniejszym opracowaniu algorytm daje mniejszg doktadno$c, chociaz
wystarczajgcg do nawigacji w przestrzeni kosmicznej. Algorytm kontroli btedu zegara dla nawigacji opartej o pulsar promieniowania X,

wykorzystujacy jeden detektor
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Introduction

In the 21 century, the deep space mission has aroused
global interests. Currently, the navigation and clock error
control for the deep space explores are operated by the
ground station systems [1]. However, the rapid
development of the deep space mission puts increasingly
heavy burdens on the ground station systems.
Consequently, the autonomous navigation system using
only the on-board measurement instruments is highly
attractive [2].

The autonomous navigation for the deep space
missions is mainly based on the line-of-sight measurement
to stars combining measurements from a star sensor [3].
The method is self-contained but has poor performance
because of the low-accuracy navigation sensors. Moreover,
this method cannot correct or control the explorer's clock
error that is one of the main error sources which worsen the
performance of a navigation system.

X-ray pulsars are rapidly rotating neutron stars that
provide unique and predictable pulse signals, and are
extremely distant from the solar system [4]. Some X-ray
pulsars have long term stabilities on the order of the current
atomic clocks [5]. On other words, the X-ray pulsar-based
navigation can estimate the position and velocity of the
deep space explorer, and can control the clock error of the
explorer.

However, in order to obtain a desired performance, the
explorer was required to load at least three X-ray detectors
with 1m? area [4]. Obviously, this is impractical for most
explorers. Then, the idea of X-ray pulsar-based navigation
observing a single pulsar was introduced. This method
allows the explorer to load a single detector for navigation,
but only one measurement is taken at a time. The method
has poor observability [6]. Mao improved the method by
fixing a gimballed axis under the single detector, and then
the detector can be adjusted to sequentially receive the
signals transmitted from different pulsars [7]. Although the
performance and the observability of the method were
improved Mao’s work, the results were still not satisfactory.
It is because that only the current measurement is used and
measurements used are insufficient.

The objective of this paper is to derive a clock error
control algorithm for X-ray pulsar-based navigation using a
single detector. An improved measurement model that uses
both current and prior measurements is established.
Furthermore, based on the theory of nonlinear observability
analysis, the condition number of the observability matrix is
selected as a parameter to measure the observability8. If
the condition number is great, the observability is poor
because that the observability matrix is close to singular.
The organization of the paper proceeds as follows. The
improved navigation system is described in the following
section. The comparison between two available
measurement schemes is performed in Section 3. The
simulation results are given in Section 4 and followed by
Conclusions.

Improved navigation system

Dynamics model

The dynamics model of the explorer is composed of the
trajectory dynamics model and the performance of the on-
board atomic clock. The performance of the atomic clock
can be described by a 3-state model driven by white noise.
Let E.,=[x1, X2, x3]" denote the clock error vector of the
atomic clock, where x4, X2, x3 denote the clock bias error,
the clock drift error, and the clock drift rate error,
respectively. In the sun centered coordinate system, the
dynamics model can be described as [4]

r v |w,
(1) Vol=|f |+ w,
Ez‘loz‘k d WE

where X=[r", v/, E.,,«"]" is the state vector of the explorer, d
T
equals [x,, x3, 0], and [wrr w.” WET] is the process
noise vector with covariance Q represented as
Q=
diaglg,’ ¢ ¢ ¢ 4" 4’ @' ¢’
where ¢,, q,, q1, > and g5 are the noise power spectral

densities representing the position, velocity, clock bias error,
clock drift error, and clock drift rate error, respectively.
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In eq.(1), f is the force acting on the explorer and is defined

as [8]
& rri r i
> u, [—3 - L;] +AF
i=1 ~ rp[

where n, is the number of perturbation celestial bodies; r,, is
the position vector of the explorer with respect to the ith
perturbation celestial body; r,; is the position vector of the
ith perturbation celestial body with respect to the Sun; u is
the gravitational coefficient of the Sun; ; is the gravitational
coefficient of the ith perturbation celestial body; and AF
stands for the other perturbation forces including the effects
of solar radiation pressure and non-spherical perturbation of
the Sun.

3) f=-rﬁ3r+

Improved measurement model

The fundamental measurement of the X-ray pulsar-
based navigation is the difference between the pulse time-
of-arrival (TOA) at the explorer, ¢, and the corresponding

pulse TOA at the solar system barycenter (SSB), f; . fsc

can be obtained after a period of measurement, and 7,

can be predicted by the pulsar pulse-timing model [4].
Considering the relativistic and geometric effects, fg ¢

can be transferred to its coordinate time at the SSB, 53, by

using the following equation [4]

n-(r+b)

t

ssp =1

S/C
@) L] (n-(r+b))’ —(r+b)’
2¢D;| £2(n-b)(n-(r+b))—
n- (r+2b)+Hr+2bH
n-b+b

In eq.(4), n is the unit direction vector of the pulsar with
respect to the SSB; c is the speed of light; D, is the distance
between the SSB and the pulsar; and b is the position
vector of the Sun with respect to the SSB. The second term
on the right hand side of eq.(4) is the first-order Doppler
delay, the third term is due to the effect of annual parallax,
and the fourth term is the Shapiro delay effect.

r and fg can be expressed as

r=r+or

tS/C :tS/C+5tS/C

where ris the real position vector of explorer; Jr is the
position offset; 7. is the real pulse TOA at the explorer;

2(b-(r+b))}

2,uln
c

®)

and dtgc is the clock error. According to eq.(4), fSSB can be
rewritten as

Lssp = Isic

L n(F+b)
c
(6) 1 | (n-F+b)) —(F+b)
i 2¢D, |:+2(nrb)(n.(f+b))_
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Then the difference between fg; and 7, is

- neor
(7) Ot =ty —logy =——+01g,. + 01"+,

Compared with the first and the second terms on the
right hand side of eq.(7), the third and the fourth terms on
the right hand of eq.(7) are high-order terms that can be
neglected.

Then, the measurement model can be presented as
(8) ot=NoX+v

N=[n/c 0, 1 0 0]

where n equals [n, n, n.]; 6X is the state offset of the
explorer; N is the measurement matrix; and v is the zero-
mean Gaussian white noise with standard variance oo,
given by [9]

7T2+T2 [+ 7,
9) Cron =

JA ¢, 4,
where 1,and 4, are the average flux of pulsar signal and the
average background radiation flux, respectively; 4 is the
effective area of the detector; ¢, is the period of
measurement; Ts,is the width of pulse; and T}, is the timing
error of any individual photon detected by the detector
onboard.

From the theory of trajectory dynamics, ¢X at time ¢ can

be expressed as [9]

(10) oX, =®(t,,1,)0X,

where X, is the state offset of the explorer at time ¢, and
@(1;, ;) is the transition matrix between time ¢ and time . It
follows from eqgs.(8) and (10) that the measurement at time
t; can be written as

(11) ot; =N, ®(t,,1,)0X, +v,

where N; is the measurement matrix dunng the jth period of
measurement and v; is the measurement noise at time .

At the kth navigation time, ¢, it follows from eq.(11) that
the improved measurement model can be established as

(12) Z=HoX, +V
where
Oty N, ;+1(D(tk ioty) Vi-is1
(13) 2= JH= ,V=|
Oty Nk—lq)(tk—l’tk) Vi1
ot, N, v

where dt, oty,..., oty are the current and prior
measurements; N;, N, ..., N+ are those measurement
matrices during the kth, k-1th, ..., k—i+1th period of
measurement respectively; ®(.1, 4), ..., ®_+1, 1) are
transition matrices; v, vi_1, ..., viis1 are the measurement
noise at times #, #_,,..., t;_;+; respectively.

Compared with the previous measurement models that
used only the current measurement, the improved
measurement model can use both current and prior
measurements. Then, by using the improved measurement
model, the explorer can use at least three measurements at
a time once the third navigation time has passed. In other
words, the improved measurement model would ensure that
the explorer uses enough measurements.

Measurement scheme comparison

Obviously, the improved navigation system proposed
above is a nonlinear system. The observability of the
system can be investigated from a differential geometric
point of view. The observability investigation considers the
following system:

(14) {x = /(X)
Z = h(X)

The system in eq.(14) is weakly observable around the
reference point X;, if and only if the observability matrix
defined as

dL’,h(X)
(15) 0= ar; }.l(X)
dL h(X)

has full column rank [10].

PRZEGLAD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 89 NR 1b/2013 79



In eq.(15), n is the order of X (for this system, n = 9) and
dL’}h(X) is

. O(Lyh)
(16) dL, h(X) = ,k=0,1,---,n—1
oX

where L' f(X) is

L‘}h(X):h(X)
(17) . ( )

LX) =—c—/(X),k=0,1, -1

The condition number of the observability matrix in

eq.(15) can be used to measure the observability. It is
useful to compare the performance of different

measurement schemes. If the condition number is great,
the observability is poor because the observability matrix is
close to singular.

There are two measurement schemes that need to be
compared. In scheme |, the explorer measures a single
pulsar over the whole period of navigation. In scheme I, the
explorer sequentially measures three pulsars over the
whole period of navigation.

In order to illustrate the comparison, a family of Sun-
centered orbits is chosen. The orbital elements of the orbits
are shown in Table.1. Each period of measurement is 2
hours, and the number of measurement times is 300s.

Table 1. Orbital elements of the family of Sun-centered orbits

Orbital Element a/10%m e il QF° |wl° M/°

\Values 0.5, 2] [0,0.5] [1.922 |0 2979 0

Fig.1 shows the condition numbers for varying values
between a and e by using scheme I. It is shown that the
condition number increases as a increases and decreases
as e increases. On the one hand, the increment of a slows
down the mean velocity of the orbit and results in transition
matrices appearing more similar. Then, the condition
number of the observability matrix becomes larger. On the
other hand, the increment of e sharpens the orbit and
results in transition matrices appearing more different.

Fig.1. Condition numbers between semi-major axis and eccentricity
for scheme |

Eccantricty o

Fig.2. Condition numbers between semi-major axis and eccentricity
for scheme Il

Fig.2 shows the condition number for varying values
between a and e by using scheme Il. As compared with
scheme |, the condition numbers obtained by using scheme
Il are smaller for the reason that the row vectors composing

the observability matrix tend to be linearly independent by
introducing different direction vectors of pulsars into the
matrix. Therefore, the explorer should sequentially measure
different X-ray pulsars over the whole period of navigation.

Simulation and discussion

In order to verify the feasibility and effectiveness of the
proposed algorithm, a comparison is made against multi-
detector algorithm. The simulations of scheme | and
scheme Il are also given to verify the conclusion obtained in
Section 3.

Table 2 shows the elements of explorer orbit. The X-ray
pulsars PSR B1937+21, PSR B1957+20, and PSR
J0218+4232 are used in scheme Il. In scheme |, only the
PSR B1957+20 is used. The parameters of these X-ray
pulsars are given in Table 3. The position error of the
pulsars is 01mas The effective area of the onboard
detector is 1m? and the timing error of any individual
photon is 1ys.

The UKF is selected as the navigation filter with the
beginning position error [10km, 10km, 10km], beginning
velocity error [10m/s, 10m/s 10m/s], and beginning clock
error vector [3.5858x107%s, 3.637979x10°'", 6.66x10""%s].
gr,qv , q1 (72, and gsin eq. (2) are 0.01, 0.0001, 1.11x107%%s,
2.22x10™/s, and 6.66x10™*%/s®, respectively. The period of
navigation is 50days, and the period of measurement is 2
hours.

Table.2. Elements of explorer orbit
Orbital Element a/km e i° |Qr w/e M/
\Values 194618992 |0.1[0.12 |184.52 [121.2 [327.1

Table.3. Parameters of the pulsars used in simulation

X-ray pulsars Gala!ctic Gglactic Period
longitude/® latitude/® /ms
PSR B1937+21 57.51 -0.29 1.56
PSR B1957+20 59.20 -4.70 1.60
PSR J0218+4232 139.51 -17.53 2.32

Fig.3. shows the estimation errors of the position and
clock error by using Scheme I, and Fig.4 shows the
estimation errors of the position and clock error by using
Scheme Il

Clock Error Estimated Ermrfng
5 5

) ) ) ) Time/d
(a) Position estlmatlon error (b) Clock error estimation error
Fig.3.Navigation results by using scheme |
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(a) Position estimation error (b) Clock error estimation error

Fig.4.Navigation results by using scheme Il

As are illustrated in Fig.3 and Fig.4, the curves of the
position estimation error converges gradually by using
scheme | or scheme Il. In terms of convergence
performance, the scheme Il is quite better than scheme |I.
Moreover, the curve of clock error estimation error would
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diverge by using scheme I, but it could converge by using
scheme Il. It verifies the conclusion obtained in Section 3.

Table 4 gives the average values of position estimation
errors and clock error estimation errors (1c) over 300
Monte-Carle trails. It is learnt that the performance of the
proposed algorithm is not better than the multi-detector
algorithm and suffers from loss of accuracy albeit to a
magnitude tolerable for deep space navigation.

Table.4. Comparison between the performances of two algorithms

Proposed algorithm  [Multi-detector algorithm
Positioning 249.46 228.99
IAccuracy/m
Timing 81.75 80.56
IAccuracy/ns
Conclusion

The clock error control algorithm for X-ray pulsar-based
navigation using a single detector has been proposed. In
this algorithm, both the current and the prior measurements
are used for navigation. As compared to multi-detector
algorithm, the proposed algorithm suffers from loss of
accuracy albeit to a magnitude tolerable for deep space
navigation. It is shown that the explorer should sequentially
measure different pulsars for obtaining a desired navigation
performance. Moreover, this algorithm uses a single X-ray
detector, and helps to reduce the cost and the whole mass
of the navigation system. The algorithm provides a
prospective way for the realization of X-ray pulsar-based
navigation.
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