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Abstract. There is searched the balance between an increase of pattern recognition risk and a decrease of a model size. The experiments are
performed for noisy signals, decomposed in wavelet bases. Wavelet representation of signals, i.e. representation by wavelet coefficients called signal
features, constitutes the full model. The presented feature selection method is based on the Lasso algorithm (Least Absolute Shrinkage and Selection
Operator). The aim of the experiment is to find an optimal model size and investigate the relations between the risk, the number of signal features and
the noise level. A new criterion of feature selection is proposed that minimizes both the risk and the number of signal features. The experimental risk
of classification is analysed for all possible reduced by Lasso models and for several values of noise levels.

Streszczenie. Poszukiwana jest równowaga pomiędzy wzrostem ryzyka rozpoznawania obrazów oraz zmniejszeniem rozmiaru modelu. Badania
przeprowadzono dla zaszumionych sygnałów, zdekomponowanych w bazach falkowych. Falkowa reprezentacja sygnałów, czyli reprezentacja za
pomocą współczynników falkowych zwanych cechami sygnału, stanowi pełny model. Przedstawiona metoda selekcji cech jest oparta o algorytm Lasso
(Least Absolute Shrinkage and Selection Operator). Celem eksperymentu jest znalezienie optymalnego rozmiaru modelu oraz zbadanie zależnosci
pomiędzy ryzykiem, liczbą cech sygnału oraz poziomem szumu. Zaproponowano nowe kryterium selekcji cech, które minimalizuje ryzyko oraz liczbę
cech sygnału. Eksperymentalne ryzyko błędnej klasyfikacji jest badane dla wszystkich możliwych zredukowanych za pomocą Lasso modeli oraz kilku
wartosci poziomu szumu. (Falkowa dekompozycja sygnału oraz selekcja cech za pomocą LASSO w zadaniu rozpoznawania wzorców)
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Introduction
The main task of classification rules is to assign the exam-
ined object to the correct class. The quality of the rule is
measured by a risk of classification to a wrong class [3]. The
minimization of the risk states our purpose. Theoretically,
the misclassification risk can be minimized by basing on a
full model. But the large number of features, describing a
signal, implies an increase of computation time or worse, in-
creases the misclassification risk (e.g. the empty space phe-
nomenon). This causes that in real-life applications the clas-
sification algorithms might be ineffective until the number of
features is reduced.

In this article a feature selection method, based on
Lars/Lasso [7] (Least Angle Regression / Least Absolute
Shrinkage and Selection Operator ), is proposed. The pre-
sented methods are tested on (kNN) k-Nearest Neighbors
classifier. The experimental risk for two-class pattern recog-
nition problem is calculated for all sizes of reduced model.
The results are shown in the last section. In the section titled
’Criteria of Threshold Choice’ is introduced a new intuitive cri-
terion MIN of model selection, that minimizes the risk and the
number of features in the model. The risk values for models
chosen by Lasso with the criteria: MIN (minimizing the risk),
BIC (Bayesian Information Criterion) and AIC (Akaike Infor-
mation Criterion) are compared. The pattern recognition is
preceded by: 1. signal pre-processing - the signal s(t) is ap-
proximated by W (s(t)) in wavelet bases, 2. feature selection
- the thresh λ is chosen with the criterion MIN, BIC or AIC,
then the Lasso algorithm performs thresholding on the signal
features.

Two Patterns of Signal
The two-class pattern recognition problem is considered.
There is assumed the existance of a generic pattern f(t) for
each class. There is introduced the following form of a signal,
disturbed by uniform and Gaussian noise:

(1) s(ti) = f(ti) + cUi + εZi,

where ti = i
p0
, i = 0, 1, . . . , p0 − 1. The both sets of

random variables {Zi} and {Ui} are independent and iden-
tically distributed, from Gaussian distribution Zi ∼ N (0; 1)
and uniform Ui ∼ U(−1; 1), respectively. The uniform noise
expresses a randomness of signals in a given class, and the

Gaussian noise constitutes a measuring distortion. Both ran-
dom variables are centered, i.e. EUi = 0, EZi = 0, so
the expected value is E s(ti) = f(ti) and the joint variance
is σ2 = V ar s(ti) = E(s(ti) − E s(ti))

2 = c2EU2
i +

ε2EZ2
i = c2/3 + ε2.

The patterns used in experiments are a sine wave f1(t)
in class 1 and a triangular wave f2(t) in class 2. They are
shown in the first row of Figure 1. The measuring distortion
was set on the fixed level with ε = 0.05. The noisy versions
of signals shown in the next two rows are obtained for c = 0.7
(SNR = 7.8 [dB]) and c = 1.6 (SNR = 0.7 [dB]).

Fig. 1. Sine and triangular signal and their noisy versions with SNR
= 7.8 [dB] and 0.7 [dB].

Wavelet Representation of Signal
The transformation of signal from a time domain to a wavelet
representation in a time-frequency domain allows to achieve
good recognition results [6]. Wavelet decomposition of sig-
nals was motivated by this fact. There is assumed that φ (t)
is a scaling function and ψ (t) is a proper mother wavelet.
Let φjk (t) = 2j/2φ

(
2jt− k

)
be the basic function of ap-

proximation space Vj and ψjk (t) = 2j/2ψ
(
2jt− k

)
be the

basic function of detail space Wj for scale j [2]. The signal
approximation for scale j1 (i.e. for J = j1 − j0 levels of
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decomposition) has the form

s (t) ≈
∑
k

cj0kφj0k (t) +

j1−1∑
j=j0

∑
k

djkψjk (t)(2)

where wavelet coefficients cj0k and djk are given by
the formulas cj0k =

∫
R
s (t)φj0k (t) dt and djk =∫

R
s (t)ψjk (t) dt.

Noisy signal (1) transformed by a wavelet filtration to a
time-frequency domain is represented by the sequence of
wavelet coefficients

(3) W (s(t)) = (cj0 , dj0 , dj0+1, . . . , dj1−1) = x,

where cj0 = (cj0k)k - a sequence of wavelet approximation
coefficients on level J (i.e. for coarse scale j0), dj = (djk)k
- a sequence of wavelet detail coefficients on level j1 − j
(i.e. for scale j), for j = j0, j0 + 1, . . . , j1 − 1. From
now on, it will be denoted with p the total number of wavelet
coefficients. The coefficients x = (x1, x2, . . . , xp) will be
called features.

Feature Selection - LARS/LASSO Technique
Feature selection is an important initial step of signal

analysis. Well performed feature selection can increase the
efficiency of further recognition [7, 8, 9].

The LASSO Technique (Least Absolute Shrinkage and
Selection Operator ) was proposed by Tibshirani [11], who
noticed its similarity to soft thresholding technique, e.g.
used for wavelet-based signal de-noising [4]. Let β̂ =

(β̂1, β̂2, . . . β̂p) be the LASSO estimate of

β̂ = argmin
n∑

i=1

(yi −
p∑

j=1

βjxij)
2(4)

subject to
∑
j

|βj | ≤ λ.(5)

The soft thresholding method has equivalent effect as
LASSO regularization for the case of an orthonormal design
XTX = I , i.e.

(6) β̂j = sign(βj)(|βj | − λ)+

for a threshold λ determined by the condition
∑

j |β̂j | = λ.
The jth wavelet coefficient of ith signal is denoted by

xij . Let the matrix X of size n × p be composed of se-
quences of coefficients xi in every row, i.e.

X =

⎡
⎢⎣

x1

.

..

xn

⎤
⎥⎦, and y =

⎡
⎢⎣ ..

y1
.

yn

⎤
⎥⎦ be a vector of centered

and normalized class labels, yi ∈ {−1, 1}.
Efron, Hastie, Johnstone and Tibshirani [5] presented

a modification of LARS (Least Angle Regression) algorithm
giving all possible LASSO estimates in an efficient, algorith-
mic way. The plots of all LASSO estimate coordinates βj

versus the sum of absolute value of the estimate coordinates∑ |βj | are shown in the Figure 2.
The LASSO modification of the LARS algorithm [5] has

more than p steps, in contrast to LARS algorithm with exactly
p steps. In the first step, there is chosen a coordinate βi be-
ing the most correlated with the output y, i.e. ci = max(ĉ),
where ĉ is the correlation vector ĉ = XT y, and the index i is

put into the empty active set. The calculated value of shift, in
the current direction, updates the predictor ŷ. In each step,
there is chosen a next coordinate βj , the most correlated with
the difference between actual output and the predictor, i.e.
cj = max(ĉ), where the correlation vector ĉ = XT (y − y),̂
and the next index j goes to the active set. However, the
modification of LARS / LASSO can remove from the active
set an index of the coordinate that changes the sign of the
step in the calculated direction.

Fig. 2. LASSO estimates βi vs.
∑ |βi|. SNR = 7.8 [dB].

Criteria of Threshold Choice
The threshold λ is chosen by minimization of the se-

lected criterion. The tests were performed for the three fol-
lowing criteria AIC, BIC and a new criterion MIN:

1) Akaike information criterion [1]

AIC(λ) =
RSS

p̂ p
df(λ),

σ2
+

2

2) Bayesian information criterion [10]

BIC(λ) =
RSS

pσ̂2
+

ln(n)

p
df(λ),

3) Risk minimazing criterion [8]

MIN(λ) = R+ df(λ),

where:
RSS = ||y −Xβ̂||2 = ||y − ŷ||2 (prediction error),
R = R(β̂) (experimental risk for model β̂),
p - number of wavelet coefficients (features),
n - number of signal samples,
df(λ) - size of model for fixed λ (number of coefficient in

active set, number of non-zero coordinates of β̂).
The first two criteria of choosing threshold λ are com-

monly used in regression estimation problems, also for
LASSO [12]. The criteria try to negotiate between the value
of RSS and the size of the model df . The λ is chosen when
the value of AIC or BIC reaches the minimum. While the
model ŷ for λAIC has optimal RSS value, the regression es-
timate β̂ chosen by BIC is consistent with the full size model,
as n → ∞. The exemplary values of the λs are marked with
vertical line in Figures 2 and 3.
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Fig. 3. Experimental risk R [%] for models selected by LASSO esti-
mate β shrinked by λ =

∑ |βi|. SNR = 7.8 [dB].

Experiments
The pattern recognition is preceded by:

1) signal pre-proccessing - the signal s(t) is approxi-
mated by W (s(t)) in wavelet bases,

2) feature selection - the thresh λ is chosen with the crite-
rion MIN, BIC or AIC, then the Lasso algorithm performs
thresholding on the signal features.
For four noise levels with signal-to-noise ratio SNR =

7.8, 4.7, 2.5 and 0.7 [dB] (ε = 0.05, c = 0.7, 1.0, 1.3 and
1.6, respectively in the formula (1)), there were generated
n = 100 noisy signal samples (50 from class 1 and class 2)
in learning set and the same number of test samples. Each
signal has 210 = 1024 samples on the time interval [0, 1].

For recognition there was chosen a pair of generic pat-
terns that seem to be quite similar and hard to classify for the
noised versions. The tests were performed for sine (class 1)
and triangular signal (class 2), see Figure 1. The classifi-
cation was made by 5-Nearest Neighbors classifier. The re-
sultes are in Table 2.

To average the recognition results, all the experiments
were performed 10 times. The wavelet decomposition of
signals were executed for a Haar wavelets. Because of
the number of signal samples, the possible decomposition
levels were J = 1, 2, ..., 10. It means that every signal
(2) was approximated in wavelet bases and represented
by vectors of coefficients (3) for J = 10 levels, i.e. by
(cj0 , dj0 , dj0+1, . . . , dj0+9).

Results and Conclusions
The experiments show that the threshold λ for the new crite-
rion MIN achives the lowest values amoung all investigated
criteria (see Table 1 and Figure 3). It results in the strongest
reduction of the model and the smallest number of selected
features. Generally, the criterion MIN chose from the initial
number of 1024 features about 10-30 coefficients. While BIC
criterion chose about 60-110, and the AIC about 90-130 fea-
tures.

Taking into account the model reduction, the lowest
number of features was left by MIN criterion. The risk
values for high noise level (e.g. for c = 1.6) for MIN and
AIC criteria are comparable (see Table 2). The performance
of all criteria was good, i.e. the risk was lower than 1% for
the noise levels c = 0.7, 1.0 and 1.3. The results show that

searching for the optimal threshold dedicated to the feature
selection for the classification is an open problem. And it
should be investigated if other criteria for feature selection
can be established.

Table 1. Average values of λ.
SNR [dB] 7.8 4.7 2.5 0.7

c 0.7 1.0 1.3 1.6

λMIN 2.7 6.9 13.2 20.1
λBIC 14.6 19.2 24.2 28.5
λAIC 16.0 21.2 26.0 30.0

Table 2. Experimental risk [%] for averaged values of λ.
SNR [dB] 7.8 4.7 2.5 0.7

c 0.7 1.0 1.3 1.6

RMIN 0.5 0.6 0.7 3.6
RBIC 0.0 0.0 0.2 2.9
RAIC 0.0 0.0 0.2 3.8
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