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Abstract. A thin plane piezoelectric inclusion is located in a uniform background (in two-dimensional Euclidean space) and subjected to an incident
plane longitudinal shear wave. Using the representation theorem, the problem is reduced to solving of the singular integral equation. Numerical solution
and high frequency asymptotic for far field are presented.

Streszczenie. Cienkie płaskie piezoelektryczne włączenie jest umieszczone w jednorodnym osrodku (w dwuwymiarowej przestrzeni Euklides-
owej) i jest poddane działaniu płaskiej fali ścinania. Odpowiednie zagadnienie brzegowe jest sprowadzone do rozwiązywania osobliwego równa-
nia całkowego. Przedstawiono numeryczne rozwiązanie zagadnienia w strefie falowej włączenia oraz zaprezentowano odpowiednie asymptotyczne
rozwiązanie dla zakresu wysokich częstotliwosci.(Dyfrakcja fal ścinania na cienkim piezoelektrycznym włączeniu o małej sztywnosci)
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Introduction
Today, the electromechanical systems with piezoelectric

patches or layers find increasingly wide application. For ex-
ample, such systems are used in ultrasonic diagnostics in
medicine, in ultrasonic non-destructive testing of materials
and constructions, in ultrasonic welding, cleaning of surfaces,
sputtering, drilling, etc. [1]. In the design of smart mate-
rials and corresponding electromechanical systems, an im-
portant part is the development of mathematical models ade-
quately describing the wave processes in these objects [2-5].
In these cases the thickness of the piezoelectric layer is usu-
ally thin (in comparison to the relevant wavelengths) as is the
structure to which it is embedded. In this paper, the problem
of diffraction of longitudinal shear waves on a thin piezoelec-
tric inclusion of low rigidity is considered. Using a known
model of the interaction of inclusion with an elastic medium
[6] the corresponding boundary-value problem is reduced to
the singular integral equation. This equation is solved numer-
ically by reducing it to an infinite algebraic system, which is
regularized using the information on the stress singularity at
the patch edges. A comparison of the numerical results with
those obtained by the analytical method is done.

Problem formulation
Let us consider an elastic uniform medium character-

ized by the shear modulus μ and the mass density ρ, in
which there is a piezoelectric inclusion in conditions of the
ideal mechanical contact. The longitudinal shear of the elas-
tic system is assumed. The inhomogenity occupies the re-
gion S = {|x1| < a, |x3| < h/2} , |x2| < ∞, where h is
the thickness, (x1, x2, x3) are the Cartesian coordinates and
the quantity ε = h/a is the small parameter. The material of
the heterogeneity with an elastic constant c44 falls into the
crystallographic class 6mm, and the axis of symmetry of the
sixth order is perpendicular to the plane x1x3.

A plane, incident longitudial shear wave of the form
(1)
ui(x) = exp [ik(l, x)] , x = (x1, x3), k = ω/c, c2 = μ/ρ

impinges on the inclusion (the time factor of the form e−iωt is
omitted throughout the analysis). Here l = (sin θ0,− cos θ0)
is the direction of sounding, k is the wave number and typical
wavelength kh satisfies the condition kh � 1.

The total wave u = ui+us is decomposed into the given
incident wave ui and the unknown scattered wave us which
is required to satisfy the Sommerfeld radiation condition at
infinity, from which it follows that

(2) us(x) =
eikx+iπ/4√
8πk|x| f(ω; l,ν), |x| → ∞,

where f(ω, l,ν) is the complex amplitude or far-field pattern
of the scattering wave, ν = x/|x| = (sin θ, cos θ) is the
direction of observation, ω is the circular frequency. Herein
u(x) is the displacement in the x2-direction and for the only
non vanishing stress components the notation σβ2 = μ ∂u

∂xβ

with β = 1, 3 is introduced. Let u0(x), x ∈ S and k0 =
ω/c0 denote the displacement field and wave number in the
inclusion, respectively, and φ(x) is the electric potential for
the heterogeneity.

The scattering problem of time harmonic waves is de-
scribed by the wave equations

(3) (Δ + k2)u(x) = 0, x ∈ R2/S,

(Δ + k20)u
0(x) = 0, x ∈ S,

Δu0(x)−Δφp(x) = 0, φp(x) =
ε11
e15

φ(x), x ∈ S,

and following conditions along the boundary ∂S of the inclu-
sion:

(4) u(x) = u0(x),
∂u(x)

∂n
= γe

∂

∂n
[u0(x) + η2φp(x)],

φ(x) = 0, x ∈ ∂S,

where n denotes the outer normal direction, e15 and ε11 are
the piezoelectric constant and the permittivity of the material
of the heterogeneity, respectively, η is the electromechanical
coupling coefficient and ρ0 is the mass density for the inclu-
sion,

c20 =
c44
ρ0

(1 + η2), γe =
c44
μ

.

Our objective is to find the numerical and asymptotic repre-
sentations of the solution to the problem (1)-(4) for the small
but non vanishing ε. As follow from results obtained previ-
ously in [6], the field u(x) satisfies in the domain R2/S the
Helmholtz equation and the following effective boundary con-
ditions on the interval |x1| < a

(5) Φ(x1) = u(x1,+0)− u(x1,−0) = 2k−1Z
∂u(x1, 0)

∂x3
,
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Z =
kh

2γ
, γ = γe(1 + η2), η =

e15√
c44ε11

,

∂u(x1,+0)

∂x3
=

∂u(−x1, 0)

∂x3
, |x1| < a, x3 = 0,

where Φ(x1) is the displacements jump across the inclusion.

Solution
Using the Green theorem, from Eqs. (3), (5), we take the

singular integral equation for determining the jump displace-
ment Φ (x1):

(6) Φ (x1) + Z k

a∫
−a

Φ (p)K (k |x1 − p|) dp =

= q exp (ikx1 sin θ0) , |x1| < a,

K (|z|) = 1

2π

∫
Γ

γ (α) exp (iαz) dα,

γ (α) =
√
α2 − 1, q = −2A0i Z cos θ0,

where the contour Γ coincides with the real axis everywhere
except for the branching points α = ±1. The contour Γ
passes these points below in the right-hand semi-plane of
complex variable α, and above, in the left-hand one, accord-
ing to the limiting absorption principle. In addition, the point
α = 0 is situated below the contour Γ, and for |α| < 1 the
radical γ (α) is defined by the condition Imγ < 0.

The principal term of the asymptotic representation for
x >> 1 (x = ka) of the solution to Eq. (6) is sought in the
form [7]

(7) Φ (x1) = Φ+ (x1) + Φ− (x1)− v (x1) , |x1| < a,

where the functions v (η) = Φ
(
ηk−1

)
and

Φ± (η) = Φ
(∓a± ηk−1

)
exp (±ixl1)

satisfy the corresponding convolution-type equation:

(8) v (η) + Z

∞∫
−∞

v (ζ)K (|η − ζ|) dζ =

= q (θ0) exp (iηl1) , −∞ < η < ∞,

(9) Φ± (η) + Z

∞∫
0

Φ± (ζ)K (|η − ζ|) dζ =

= q (θ0) exp (iηl1) , 0 < η < ∞.

It is noted that the expression given by the Equation (7) is
motivated by the general scheme of the method of the the
compound asymptotic expansions where a stretching factor
is the wave number.

The equation (8) is specified over the entire axis. Then,
applying the exponential Fourier transformation to the equa-
tion (8), we have
(10)
v (η) = q (θ0)R

−1 (l1) exp (iηl1) , R (α) = 1 + Z γ (α) ,

where the function R (α) is a regular function in the plane
of the complex variable, with the cuts Reγ = 0, and has no
zeroes in this plane.

Applying the Wiener-Hopf technique [8] to solving the
equation (9), we obtain

(11) Φ± (η) =
q (l1)

R (l1)
exp (±iηl1)−

−2A0
(1∓ l1)

1/2

πr− (∓l1)
g± (η; l1) + Φ0 (η) ,

Φ0 (η) = −A∗
21/2

π
r+ (1) g− (η; 1) ,

g± (η; l1) ≈ r+ (1)

1∓ l1

(
π

η

)1/2

eiη eiπ/4 g0 (η) ,

g0 (η) = 1− Z−1 (πη/2)
1/2

eiπ/4 exp
[
iη/

(
2Z2

)]×
×erfc

[
Z−1 (η/2)

1/2
eiπ/4

]
,

erfc (η) = 2π−1/2

∞∫
η

exp
(−t2

)
dt,

r(α) = 1 + [Zγ(α)]
−1

= r+(α)r−(α),

r±(α) = exp
[
χ±(α)

]
, r+(α) = r−(−α),

χ±(α) =
1

π

∫ ∞

0

arctan
[
Z−1(τ2 + 1)−1/2)

] idu

iτ ± u
−

− 1

π

∫ 1

0

arctan
[
Z−1(1− σ2)−1/2)

] dσ

σ ± u
,

where the function Φ0(η) = A∗ exp−iη, η < 0 corresponds
to the incident rays, whose fields are the product of subse-
quent diffractions at two inclusion tips.

From the equation (11), we observe that the primary
diffracted fields decay as η−1/2. On the basis of (7), (10)
and (11), including only one secondary diffraction, we can
then write approximately

(12) Φ (x1) ≈ q (l1)

R (l1)
eikl1x1−

−2A0

∑
±

D± eik(a±x1)

(a± x1)
1/2

g0 [k (a± x1)],

D± =
r+ (1) eiπ/4 e∓ixl1

r− (∓l1) (1∓ l1)
1/2

(πk)
−1/2

,

k (a± x1) >> 1, |l1| < 1,

where D± is the diffraction coefficient at the left and the right
inclusion tip, respectively. Consequently, the expression

(13) f(ω, l,ν) = −ikν3

∫ a

−a

Φ(p)e−ikν1pdp

and the approximation (12), give the solution of the problem
in the wave zone of a scatterer.
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Numerical formulation
With the purpose of the numerical solution of the integral

equation (6), we use the Galerkin method. In view of the edge
condition, we represent Φ (x1) in the complete sequence of
the Chebyshev polynomials

(14) Φ (x1) = q
[
1− (x1/a)

2
]1/2 ∞∑

m=1

amUm−1 (x1/a),

where Um−1 (x1) are the Chebyshev polynomials of the sec-
ond kind and am are the unknown expansion coefficients.
Substituting the equation (14) into the equation (6), we ob-
tain an infinite system of linear algebraic equations for am

(15)
∞∑

m=1

mnamAmn = bn, n = 1, 2, ...,

Amn =
[
1 + (−1)

m+n
]
×

×
{
2

π

[
1− (m− n)

2
]−1 [

(m+ n)
2 − 1

]−1

−

− Z

2x
exp

(
m− n

2
iπ

)
Inm

}
,

Inm =
1

2

∫
Γ

γ (α) Jn (αx) Jm (αx)α−2dα,

bn = n exp

(
n− 1

2
iπ

)
Jn (x sin θ0) (x sin θ0)

−1
,

where Jn (x) is the Bessel function of the first kind.
The scattering amplitude (13) is connected with the co-

efficients am as follows:

(16) f(ω; l,ν) = πqx
∞∑

m=1

amm(−1)m
Jm(xν1)

xν1
.

It is obvious that in numerical calculations, m and n in
the equations (15), (16) are limited and the quantities Anm

and, consequently, am can be calculated with a sufficient ac-
curacy by appropriate numerical procedures. Indeed, an ac-
curacy of one percent is obtained if m = n ≈ 2x.

The total scattering cross-section σ(θ0) of the inclusion
is defined as the outward power-flow of the scattered field
normalized at the intensity of the incident field. When the
incident wave is the plane wave (1), σ(θ0) is directly related
to the equation

σ(θ0) =
1

A0k
Imf(ω; l, l).

Conclusions
On the Fig.1 the dimensionless cross-section τ(0) is

plotted as a function of the dimensionless wave size x for the
incident angles θ0 = 00 and γ = 0, γ = 0.1, γ = 0.2, where
τ(θ0) = σ(θ0)/2a. Here and hereafter the calculations are
carried out with ε = 0.04 for the inclusion. Circles on this fig-
ure denote the results obtained using the formulae (12)-(13).
It is noted that the agreement between the exact and asymp-
totic values is excellent. As it can be seen from the Fig.1, the
decrease of the inclusion material stiffness yields the scatter-
ing level increase. Fig.2 depicts the normalized amplitude
far-field patterns f0 = |f(ω; l,ν)|/4A0 for θ0 = 00 and

Fig. 1. The dimensionless cross-section τ(0) for θ0 = 00 and γ = 0,
γ = 0.1, γ = 0.2.

Fig. 2. The normalized amplitude far-field patterns f0 =
|f(ω; l,ν)|/4A0 for θ0 = 00 and γ = 0.2.

γ= 0.2. As it follows from the numerical results presented, the
influence of the dimensionless wave number on the angular
distributions of the displacements in wave zone is significant.
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PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 89 NR 4/2013 268



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


