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Recursive PLL of the First Order  
 
 

Abstract. This paper describes a new type of Recursive Phase Locked Loop (PLL) of the first order. The PLL is a  linear discrete system described 
by two recursive equations. The hardware implementation of PLL is described. Different analyses of PLL parameters are made. Computer simulation 
of PLL is introduced in order  to give better insight into the PLL characteristics and to confirm the mathematical analyses, too. Made analysis shows 
that PLL is suitable for different applications. Precise digital phase shifting of pulse rate is one of the applications which is described. The picture of 
the input and output pulse rates, recorded on the simulated PLL by professional software package “Multisim”, is presented.  
 
Streszczenie. Opisano nowy typ rekurencyjnej pętli synchronizacji fazowej (PLL). Przedstawiono różne metody analizy układu oraz symulację 
komputerową. Opisano możliwość precyzyjnego cyfrowego przesunięcia fazowego impulsów. (Rekursyjna pętla synchronizacji fazowej PLL 
pierwszego rzędu).    
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Introduction 

Different kinds of PLL are described in theory and 
practice and different kind of division of PLL can be made. 
Some earlier systematizations of PLL identified analog, 
hybrid, discrete and digital kinds of PLL. Although 
convenient in usage, this division was not precise enough 
because these groups were made according to different 
criterions. For instance, analog and hybrid PLL were 
defined according to the applied technology. Analog PLL 
are based on analog circuits, but hybrid ones use both 
analog and digital circuits. Discrete PLL represent discrete 
systems. They were separated in the independent group 
due to their principle of work. Namely, they make one 
correction of the output signal at each discrete time, i.e. 
once per period of the input signal. All the others PLL 
belonged to the digital ones, although the discrete PLL are 
also based on digital circuits. 

The division of PLL could be more precise if the 
divisions are made upon more criterions. For instance the 
systematization of PLL according to the measured error 
between the input and output signal, which is used for the 
output correction, would be useful. The error may be 
generated by measuring the phase, the amplitude, the 
frequency and by measuring the time. The first ones are the 
classic PLL and they appear the most often in theory and 
practice. PLL based on the measurement of amplitude 
require a lot of hardware and they are not precise enough. 
PLL which are based on integration of difference between 
the input and output frequencies are useful for special 
applications, ref. [1-2]. PLL which are based on either the 
measurement of the time difference between the input and 
output signal or the measurement and comparison of theirs 
periods, are just somewhat presented in the literature. On 
the other hand, the measurement of the time is the most 
easy for the realization and the most precise today. 
Obviously, the corresponding algorithms for the processing 
of time error are not investigated. These algorithms are to 
be simple for realizations. They have to enable, at the same 
time, wide range of applications and to be potential for 
different output controls. Providing that the mentioned 
requirements have been met, this kind of PLL would appear 
as more powerful and more applicable than the previous 
ones. 

The recursive models of PLL, offer algorithms that can 
perform PLL function and digital filtering at the same time. 
They appear as simple for realization and powerful for the 
applications. 

 This paper describes a new type of recursive PLL of the 
first order, based on the measurement of the time difference 
between the input and output signals. 

 The development of PLL of the first order is closely 
related to ref. [1-2]. Ref. (3-10) are also in the field of PLL 
and represent the wider base of literature. Ref. [11-15] are 
used in electronics implementation and as the mathematical 
and theoretical base in the development. 

 
Mathematical description of PLL 

 One general case of the time relation between an input 
signal Sin and the output signal Sop of PLL, is shown in Fig. 
1. Note that the classical phase difference between the 
input and the output signal is changed by discrete time 
differences. The periods TI0, TI1,….TIk, TIk+1, and TO0, 
TO1,….TOk, TOk+1, as well as the time differences d0, d1, 
d2…..dk, dk+1, occur at discrete times respectively t0, t1, 
t2,…..tk, tk+1. The discrete times t0, t1, t2,…..tk, tk+1 are 
defined by the falling edges of the pulses of Sop in Fig. 1.  

 
 
 
 
 
 
 
 
 
 
 
 

                
Fig. 1 The variables describing the input and the output of PLL  
 

The natural recursive relation (1) between the variables, 
yields from Fig. 1: 
(1)                    1k k k kd d TI TO      
 

The main recursive equation describing PLL is given by the 
expression (2): 
 

(2)                     1 1 *k kTO T d m    

where T is the time constant and “m” is the parameter of 
PLL. The physical meaning of T and “m” will be explained in 
the part, which describes the realization of PLL. According 
to eq. (1) and (2), PLL has two output variables, which 
describe the behavior of PLL in the function of TI. The 
output variables are d(k+1) = f[TI(k)] and TO(k+1) = f[TI(k)]. 
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To analyze the conditions under which the described 
system possesses the properties of PLL, let us find the Z 
transform of eq. respectively (1) and (2): 
 

(3)        0* ( ) * ( ) ( ) ( )z d z z d d z TI z TO z     

(4)        
 

0

0

* ( ) * * / ( 1)

* ( ) * *

z TO z z TO TI z z

z d z z d m

   

 
 

 

Calculating d(z) from eq. (3) and changing it into eq. (4), it 
can be found out: 
 

(5)         ( ) [ * ( ) ( )] / ( 1 )TO z m TI z R z z m     
 

where 
 

(6)       0 0 0( ) * * ( 1)*( * )R z d m z z TO d m T      
 

In the same way, changing TO(z) from eq. (5) to eq. (3), it 
can be calculated: 
 

(7)         
0

( ) ( ) / ( 1 )

( ) / [( 1)*( 1 )] * / ( 1)

d z TI z z m

R z z z m d z z

   
     

 

 

Two transfer functions describing PLL, can be defined from 
respectively eq. (5) and eq. (7): 
 

(8)          ( ) ( ) / ( ) / ( 1 )TOH z TO z TI z m z m     

(9)          ( ) ( ) / ( ) 1/ ( 1 )dH z d z TI z z m     
 

Step Analysis of PLL 
Providing that the step function is applied to the input 

TI(k) = TI = const., it is necessary to change the Z transform 
TI(z) = TI*z/(z-1) into eq. (5) and eq. (7). Changing TI(z) into 
eq. (5) and using the final value theorem, it is possible to 
find the final value of the output period TO = lim TO(k) if 
k, using TO(z): 

 

(10)            1lim[( 1)* ( )]zTO z TO z    
 

Applying eq. (10), it yields: 
 
(11)            lim[ ( )]kTO TO k TI    
 

Note that, instead of the output frequency, the output 
period TO(k) is used in this analyses. Since the phase 
difference between Sin and Sop is also changed by the time 
difference d(k) in this analyses, it is necessary to discover 
the behavior of d(k). If TI(z)  is changed into eq. (7), using 
the final value theorem in the same way like for TO, it 
yields: 
 

(12)          1lim ( ) lim[( 1)* ( )]k zd d k z d z      
 

Applying eq. (12), it yields: 
 

(13)                       ( ) /d TI T m    
 

The expressions (11) and (13) are valued only if PLL is 
the stable system i.e. if the pole |z1| < 1, where z1 is the 
pole of the transfer function HTO(z) or Hd(z). Since z1 = 1 - 
m, it yields that PLL is stable system for 
 

(14)                             0 2m   
 

According to eq. (11) and (13), it follows that the 
described model possesses the properties of PLL. The time 
d, representing the time difference for the stable PLL, does 
not depend on the initial conditions and it can be controlled 
by the system parameter “m” and time constant T. Time 
constant T is entered into PLL and can be changed 
accordingly. If, for instance, m = 1, d = TI – T. This means 
that it is possible to change the time difference “d” linearly, 
directly by changing T. If T = TI, d = 0, the phase 
difference is zero, what is exactly the same as in 
conventional PLL. 
 

. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 2 The functional organization of hardware modules of PLL 
 
Realization of PLL 

The hardware organization of PLL is shown in Fig. 2. 
PLL consists of Up-down counter, period generator, 
generator of control signals and two logic circuits NAND. 
The functioning of the period generator is described in ref. 
[2]. Let us remember that the period generator is based on 
Up-down counters and that TO of signal Sop is TO = 
Nd*tcNd is the decimal value of binary code Nb and tc is the 
period of clock, i.e. tc = 1/fc. Two clock signals Sc and Sp 
are used in the realization of PLL shown in Fig. 2. Note that 
the clock signals Sc and Sp are changed in Fig. 2 by their 
frequencies respectively fc and fp intentionally, because fc 
and fp are PLL parameters, which will appear in the final 
expressions for the outputs of PLL. To explain this 

statement, let us transform eq. (2) in another form, which is 
more suitable for the realization of PLL and understanding 
the physical role of frequencies fc and fp in Fig. 2. If “m”, as 
ordinary number, is changed with m = fp/fc in eq. (2), eq. (2) 
will, after transformation, get the following form: 
 

(15)                1 1* * *k c c k pTO f T f d f    
 

The eq. (15) discovers now how to perform calculation 
according to eq. (2). All members of eq. (15) are just 
ordinary number, since fc = 1/ tc and fp = 1/ tp. It is now clear 
that, according to eq. (15), TO is to be generated by the 
period generator using clock of frequency fc, binary word Tb 
must be converted into time T using fc as well, and dk+1 is to 
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be measured by the clock of frequency fp. All these 
conclusions are applied in the realization of PLL, shown in 
Fig. 2. 

  The generator of control signals d+, d-, Preset 1 and 
Preset 2, according to its function in PLL, changes the role 
of a comparator in a standard analog PLL. The relation 
between Preset 1, Preset 2 and Sop is shown in Fig. 2. 
Their realization is simply. They are realized by two 
monostable multivibrators. They could also be realized by 
two RC differentiators. However, since the time difference 
“d” can be positive d+ and negative d- as well, it was 
necessary to generate them on separate lines and to 
provide either addition or subtraction, just like in Fig. 2. The 
time difference d+ is always added to Tb, but the time 
difference d- is subtracted from Tb in Up-down counter.  

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3 Generation of Sop (eq. 2), d- and d+ are visible. 
 

The functioning of generator and PLL is presented in 
Fig. 3. The picture is made on the simulated PLL, realized 
by the profesional software package for electronic circuits 
„Multisim„. The voltage waveforms in Fig. 3 are taken 
whenPLL is  in the stable state. For this purpose, it was 
chosen fc = fp (m = 1). Binary word Tb is chosen so that its 
decimal value Td * tc = T ≈ TI. According to eq. (13), d = TI 
- T ≈ 0. TI/tc is only about 6. Small relation between TI and 
tc is chosen to enable the visible width of d+ and d-. The 
difference between the adjacent periods TO is visible, too. 
The sign of “d” is changing every period. It can be noticed 
from Fig 3 that TO tends to reach TI, but that is not 
possible, because the relation TI/tc is very small. It can also 
be seen that whenever two pulses of Sop occur during a 
period TI, that means that the TI > TO, “d” is positive and 
next TO is increased. If two pulses of Sin comes during a 
period TO, that means that TO > TI, “d” is negative and next 
TO is decreased. If during one period TO occur only one 
pulse of Sin, the time difference will not change sign. The 
same would happen if only one pulse of Sop occur during 
one period of Sin. The previous explanations represent, at 
the same time, the complete description of functioning of 
generator. If TI/tc increases, the wides of d+ and d- would 
decrease and tend to zero. For the stable PLL the content 
of UP-down counter represents the measured TI and, at the 
same time, the output period TO, since TO = TI. 

Pulses Preset 1 and Preset 2, shown in Fig. 2, provide 
the functioning according to eq. (2). As soon as the 
calculation of TO is finished, pulse Preset 1 presets the 
counter content to the period generator. Immediately after 
that, pulse Preset 2 presets Tb into counter. The next step is 
the generation of new period TO and at the same time 
calculation with the next time difference “d” multiplied by 
“m”, according to eq. 2. 
 
Simulation of PLL outputs for different parameter “m” 

The simulation of PLL functioning is performed using 
equations (1) and (2). The time difference d(k) and the 
output period TO(k) are simulated for the same parameters 

“m” and the same initial conditions. The simulation results, 
for the different value of “m”, are shown in Fig. 4. The input 
period is 10 time units (t.u.), T is 1 t.u. and the initial values 
of TO0 and d0 are respectively 8.5 t.u. and 4 t.u. Note that 
time unit can be any one, assuming that they are the same 
for all variables. The simulated d in Fig 4a agrees with d 
calculated by eq. (13), proving the correctness of the math 
analyses. It can be seen that TO = lim TO(k)k = TI in 
Fig. 4b, for any “m”. Note that TO and d do not depend on 
the initial conditions and that d can be controlled by the 
system parameter “m” and time constant T. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Fig. 4 The curves of d(k) and TO(k) for different parameter „m”  
 
The phase shifting 

Using the results of this analysis, it is simple to 
determine the expresion for the phase shifting PS of pulses 
of Sop. The final phase shifting PS is simply PS = 2π*d / 
TO. Changing d and TO from eq. (11) and (13), it yealds: 
 

(16)                2 *[( ) / ]*( / )c pPS TI T TI f f rad      
 

Changing m = fp / fc into eq. (16), it follows: 
 

(17)                2 *[( ) / ]*( / )c pPS TI T TI f f rad                
 

If fc = fp, eq. (17) will change to: 
 

(18)                2 *(1 / )PS T TI rad    
 

According to eq. (16), the phase shifting can be 
performed either by parameter “m” or by parameter T. 
However it is more convenient to adopt m = 1, and use the 
eq. (18) for this purpose. If the parameter T changes in 
range from zero to TI in eq. (18), PS will cover the value 
from 2π rad to zero. PS can also reach negative values for 
T > TI. 

Using eq. (1), eq. (2) and the expression PS(k) = 
d(k)/TO(k), the locking procedure of TO(k), the time 
difference d(k) and the phase shifting PS(k) are calculated 
and presented in Fig. 5. TO(k), d(k) and PS(k) are 
simulated for m = 1, TI = 10 t.u. = constant and for the 
different values of parameter T, which are presented in Fig. 
5. The initial conditions for all variables in Fig. 5a, Fig. 5b 
and Fig. 5c are the same: TO0 = 9.5 t.u., d0 = 4 t.u. and PS0 
= 2π * d0/ TO0 = 2.65 rad. Note that PLL is very fast if 
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parameter m = 1, Fig. 5a, Fig. 5b and Fig. 5c. All transient 
states are finished within two steps. The same can be 
noticed in Fig. 4a and Fig. 4b for those curves for which the 
parameter m = 1. 
The values for time shifting d in Fig. 5b are calculated 
according to eq. (13) and the values for phase shifting PS 
in Fig. 5c are calculated using eq. (18). All calculated values 
agree with the simulated ones in Fig. 5b and Fig. 5c, what is 
the proof that the mathematical analyses were correct.    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5 Presentation of TO(k), d(k) and PS(k) for different „T” 
 
Conclusion 
 The description and illustrations of the realized PLL of 
the first order represent a new approach to design and 
construction of PLL in both theoretical and practical sense. 
It discovers the way of development of PLL based on 
measurement of time, which is more precise and 
convenient than the measurement of the phase, the 
frequency, and the amplitude. 
 The Z transform analyses of the described algorithm 
provide a detailed insight into the physical process of all 
PLL variables and in each discrete step. 
 One of possible application of PLL is the phase shifting 
of pulse rate, which is described in the paper. The precision 
of the phase shifting can be very high, because it depends 
on relation TO/tc. The higher relation TO/tc provides the 
higher resolution of shifting. 

 Since the described PLL represents a new type of PLL, 
further analysis of its properties would be useful in order to 
expand the area of its application.   
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