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Description of the manipulator robot’s workspaces with three
mobility degrees in the form of the logical expressions

Abstract. This work considers problems of the manipulating robot working spaces description, which have three degrees of mobility. Depending on
the limits of the generalized coordinates value changes by mobility degrees, there were achieved the descriptions of the manipulating robots working

spaces in the form of logical expressions.

Streszczenie. W pracy rozwazany jest problem opisu przestrzeni roboczej manipulatora robota o trzech stopniach swobody. W zaleznosci od
zakresu zmian warto$ci stopni mobilno$ci we wspoétrzednych uogdlnionych zostaty uzyskane opisy przestrzeni roboczej manipulatora robota w
postaci wyrazen logicznych. (Opis przestrzeni roboczej manipulatora robota o trzech stopniach swobody w formie wyrazen logicznych).
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Introduction

Handling the robot is an open kinematic chain. The
kinematic chain consists of series-connected different parts
of joints. The gripper is attached to the last link of a robot
manipulator. Handling the robot can move things along a
predetermined path of motion or from a given point to the
next set point. These operations can be performed only
within the working space of a robot manipulator. Therefore,
one of the important characteristics of manipulation robots
is their workspace.

In general, the working space is a closed spatial figure.
The workspace is determined by the kinematic structure,
the size of units and limits of changing the parameters of
the joints. The mathematical description of the robot
workspace will solve the problem of coverage of all the
defined workspace paths to manipulate objects. This
problem is also important in case of modern model-based
control systems [1,2] basically for the sake of model
simplicity resulting in better robustness and speed.

Let there be given a kinematic structure, the size of
units, types of joints of a robot manipulator. Consider the
task of changing the form of the working space of a robot
manipulator based on the limits of variation of the
parameters of joints.

Description of robot manipulator work space with three
rotation joints

Let the manipulation robot has three mobility degrees
(fig. 1), the first degree of mobility — is the rotation around
the axis OZ to the angle «, the second — is the rotation
around the straight line of the presented angle o and point
O to the angle B, the third — the rotation around the straight
line of the presented angle o and point 4 to the angle v.
Moreover, the links’ lengths are performed by the condition
Ii>h,. The angles of rotation a, B, y, the generalized
coordinates, determine the robot position in the space OXYZ.

Fig.1. Structure of the manipulating robot

The result of the above stated condition is a workspace
(fig. 2), limited in the plane OXZ by the radius spheres R and
r, cones of rotation received by rotations of straight lines
04, OD around the axis OZ, torus obtained by rotations of
the radius circle [, with centers at the points 4 and D. In the
plane OXY (fig. 3) the robot's workspace is limited by radius
spheres R and r, planes passing through the straight lines
MP and NQ, which are perpendicular to the plane OXY.
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Fig.2. Working space of the manipulating robot
Y

Fig.3. Projection of working space in the plane OXY

In order to describe the robot's workspace, let us apply
the R-functioned mathematical apparatus [3,4,5]. To define
the surfaces limiting the working space we determine their
logical variables:
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D, — the logical variable that determines the internal
subspace of the radius sphere

R = \/(Zl + 12(/VO‘S‘CO‘S‘}/I11in)2 +(IZ‘S‘I."U/min)2 :
M b _{1, if R?—x?—y? 2% 20,

1= .
0, otherwise.

D, — the logical variable that determines the external

subspace of the radius sphere
P == L,Cos(180° — 1, ) +(,Sin(180° = 7, )
e 2 2,2 2
) D, = 1, if x +)./ +z°—r- 20,
0, otherwise.

D; — the logical variable that determines the external
subspace of the cone obtained by rotation the straight 04,

z=tan f3,,, XX, around the axis OZ:

1, if z2 —tan* B, (x* +y*) >0,
@ D= : Prnax (X" +¥7)
0, otherwise.

D, — the logical variable that determines the internal
subspace of the cone obtained by rotating the straight OD,

z=tan B, xx, around an axis OZ:
1, if z2 —tan* B, (x* +y*) <0,
(4) D, = .
0, otherwise.
Ds — logical variable that determines the external

subspace of the torus obtained by rotation the circle

centered at the point 4, around the axis OZ
(x=1,€08 B )* +(z =1 sin B ) =15
) Lip (Glsin B0’ 4y =1 s’ By 1) -
Ds=4" —41% cos> B, (x> +3*) >0,
0, otherwise.

D¢ — the logical variable that determines the internal
subspace of the torus obtained by rotation the circle

centered at the point D, around the axis 0OZ
2 . 2 2
(x_ll Cosﬁmin) +(Z_Zl Slnﬂmin) 212 "
(6) D - 1’ if ((Z*Z] Sinﬂmin)zx2 +y2 7112 COSZ min 7122)2 -
6= — 412 cos® B, (x> +¥*) <0,
0, otherwise.

D, — the logical variable that determines the half plane,
located below the plane, defined by the line NOQ,

y=tana_;, Xx, perpendicular to the plane OXY:
@) L, if y—tane,,;,, xx <0,
! 0, otherwise.

Dy — the logical variable that determines the half plane,
located above the plane defined by the line MP,

y=tanea,, xx, perpendicular to the plane OXY:

1, if y—tane,, xx =0,

(8) D8 — y ) max
0, otherwise.

Let the robot working space is located in the sector
limited by the angle ZQOP (fig. 3).
On the basis of the logical variables (1) - (8), let us form

the description of the robot workspace in the following
logical expression [2,3]:

(D,ND,ND,ND,NDs)U
U(D,ND,ND,ND)N(D; NDy) =1

Now, let suppose that the working space of the robot is
limited in the space OXY in the angle ZMON . At that
moment, the logical expression takes the following form:

(D,ND,ND;ND,ND;)U
U(D,ND,ND,ND))N (D, UDg)=1
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Fig.4. Projection of working space in the plane OXZ
Let us change the value of the angle ... , in this case
we get the robot working space which is presented in Fig. 4.
Let the robot workspace is located in the sector limited

by the angle ZQOP (Fig. 3) and also performed by the
following condition:

(9) 180° _ﬂmax > min
Then, to describe the robot's working space, in addition,

we introduce the logical variable D, that determines the
external subspace of the torus obtained by the rotation of
the circle centered at point A,
(x+1,Cos(180° - ﬂmax)z +(z—-1Sin(180° - ﬁmax)z =12,
around the axis OZ, takes the form:

(=1 sin(80 = 3,,)°x" +y” ~1} cos' (180 — ,,,)~13)" -

,1
(10) Do=)"" —4i?cod B,,(" +1*)20

0, otherwise.

On the basis of the logical variables (1) - (4), (6) - (8), (10)
let us form the description of the working space of the given
robot as follows:

(D,ND,ND, N D, N D, N DU (D, ND,NDs)U
U(DlﬂDan3ﬂD6))n(D7ﬂD8):1 .

Let the robot working space is located in the sector
limited by the angle ZMON (fig. 3) and also performed by
the condition (9). Then, the description of the robot working
space takes the form:

(D,ND,N D, ND, N D, NDYU(D,ND,ND;)U
U(D1 ﬂDz ﬂDz ﬂD6))ﬂ(D7 UDs):l
Let the robot working space is located in the sector limited
by the angle ZQOP (fig.3) and also performed the
following condition:
(11) 180° _ﬁmax < min *
On the basis of the logical variables (1) - (4), (6) - (8),

(10), let us form the description of the working space of the
robot:

(D,ND,ND, N D, ND; N DU (D, ND, N D,HU
U, ND,ND,ND)N(D, NDy)=1
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Description of the workspace, when changing limits of
variation of the articulation parameters of the robot
manipulator

Let the robot workspace is located in the sector, limited

by the angle ZMOQ (fig.5) and also performed the

condition (9). Then, the logical expression that describes
presented working space takes the following form:

(D,ND, N D; N Dy N D, NDHU (D, N D, N DU
U(D,ND, N D, ND)HN(D; UDy) =1 |

Z

ﬂll‘lilx

Fig.5. Projection of working space in the plane OXY
Let us change the value of the angle y,.. ., then the

robot's workspace takes the form shown in Fig. 5. In this
case, in contrast to fig. 4, the workspace will be added by
the area limited by the line CHPG appearing in the form of
rotating figure, and which is limited by the internal surface of
the torus and sphere (radius).By determining the logical
variable (5) the valuer =/, —/, .

In addition, let us introduce the logical variable D,
describing the internal space of the sphere radius

0=\~ 1,COS(7 py ~1807))° +13Sin> (7 ~180°) :

(12) Dy = 1, ifaz—xz—yz—zzzo,
0, otherwise.

Let the robot workspace is located in the sector, limited
by the angle ZQOP (fig. 3). Then, the logical expression

on the basis of the logical variables (1) - (8), (12),
describing this workspace, takes the following form:

(D,ND,ND;ND,NDs)U(D,ND,ND, NDs)U
U(Ds N D) N(D, N D) =1

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig. 3). Then, the logical expression

that describes the given work space takes the following
form:

(D,ND,ND;ND, NDs)U(D,ND,ND, N DU
U(Ds ND)N (D, UDy) =1 '

Let us change the value of the angle f,

max
robot's workspace represented in fig. 6.
Let the robot workspace is located in the sector, limited

by the angle ZNOQ (fig. 3) and also performed by
condition (9). Then, the logical expression on the basis of

and get the

the logical variables (1) - (8), (10), (12), describing the given
workspace takes the following form:

(D,ND,N D, NDy)U(D,ND,ND;ND,HU
U(D, N D, N DsND,)U(D, N D) N(D; N Dy) =1

75

Fig.6. Projection of working space in the plane OXZ

Y <

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig. 3) and also performed by
condition (9), then the logical expression that describes this
working space takes the form:

(D,ND,ND;NDyYU(D,ND,ND;ND,)HU
U(D,ND,NDsND,)UD, N D) N(D, UDy) =1

Let the robot workspace is located in the sector, limited
by the angle ZNOQ (fig. 3) and also performed by
condition (11). In this case, the logical expression on the

basis of the logical variables (1) - (8), (10), (12), describing
the given workspace takes the following form:

(D,ND,ND;ND,HU(D,ND,ND,)U
U(Dl ﬂDz ﬂDé HE)U(EHDM)))H(D7 ﬂDs)zl

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig.3) and also performed by
condition (11), then the logical expression that describes
the given working space takes the form:

(D,ND,ND;ND,)U(D,ND,ND,)U
U(D,N D, ND,ND)UD, N Dy, )N (D, UDy) =1

In this case, in contrast to fig. 2, the workspace will be
added by the area limited by the line CHPG appearing in
the form of rotating figure is limited by the inner surface of
the torus and sphere (radius). By determining the logical

variable (5) the value r =1, —1, .

Let us change the value of the angle y,.. ., then the
robot's workspace takes the form shown in fig. 7. In this
case, in contrast to fig. 2, the workspace will be added by
the area limited by the line BHPG appearing in the form of
rotating figure is limited by the inner surface of the torus and
sphere (radius). By determining the logical variable (1) the
valueR=1[ +1,.

In addition, let us introduce the logical variable D,
describing the external space of the radius sphere

a= \/(ll -’_IZCVOS}/min)2 +122Sin2ymin :
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L ifx*+y?+z2—a*>0,
(13) Dy, = y
0, otherwise.

Let the robot workspace is located in the sector, limited
by the angle ZNOQ (fig. 3). Then, the logical expression

on the basis of the logical variables (1) - (8), (13) that
describes the given workspace takes the following form:

(D,ND,ND;ND, NDs)U(D,ND,ND, N DU
UDs NDy))N(D; N D) =1
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Fig.7. Projection of working space in the plane OXY

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig. 3). Then, the logical expression

on the basis of the logical variables (1) - (8), (13) that
describes the given workspace takes the following form:

((D,ND,ND; N D, NDs)U (D, N D, ﬂD_4ﬂD6)U
UD;ND,))N(D, UDy) =1 '

Let us change the value of the angle f,
robot's workspace, represented in fig. 8.

7

and get the

max

Fig.8. Projection of working space in the plane OXZ

Let the robot workspace is located in the sector, limited
by the angle ZNOP (fig.3) and also performed by
condition (9). Then, the logical expression on the basis of
the logical variables (1) - (8), (10), (12), describing the given
workspace takes the following form:

(D, ND,ND;NDy)U(D,ND,ND;ND,)U
U(D,ND,NDyND,)U(Dy, N D) N(D; N Dy) =1

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig.3) and also performed by

condition (11), in this case, the logical expression
describing the given workspace takes the following form:

(D,ND,ND;NDy)U(D,ND,ND; N DU
U(D,ND,N Dy ND,)U(Dy, N D) N(D; UDy) =1

Let the robot workspace is located in the sector, limited
by the angle ZNOQ (fig. 3) and also performed by

condition (9). Then, the logical expression on the basis of
the logical variables (1) - (8), (10), (12), describing the given
workspace takes the following form:

(D, N D,N Dy N D,) U(D, N D, N DU
U(D,ND,NDyNDYUD,, ND))N(D; N Dy) =1

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig.3) and also performed by

condition (11), in this case, the logical expression
describing the given workspace takes the following form:

(D, N D,N Dy N D,) U(D, N D, N DU
U(D,ND,NDyND,)U(D,, N D, ) N(D, UDy) =1

Z

y >~

Fig.9. Projection of working space in the plane OXY

Let us change the value of the angle y,... and 7....

then the robot workspace takes the form represented in Fig.
9. In this case, in contrast to fig. 4, the workspace will be
added by the form of the rotating figure, limited by the torus
internal surface and 2 radius sphere, limited by straights

BH,AG, and CH,P,G,.By determining the logical
variable (4), the value R =/, +/, and by determining the
logical variable (5), the value » =1/, —/,. The magnitude of
a for the lower zone BH,P,G, is marked as a,, for upper
zone CH,P,G, as a,.

Let the robot workspace is located in the sector, limited
by the angle ZNOQ (fig. 3). Then, the logical expression

on the basis of the logical variables (1) - (8), (10), (12),
describing the given workspace takes the following form:
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((D,ND,ND; N D, NDs)U (D, ND,ND, N Ds)U
U(EsﬂDlo ﬂD“))ﬂ(D7 ﬂDs)zl

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig. 3). Then, the logical expression
describing the given workspace takes the following form:

(D, ND,N DN D, N Ds)U(D,ND,ND, NDy)U
U(HsﬂDlo ﬂD11))ﬂ(D7 UDg):l

Let us change the value of the angle ... and get the
robot's workspace, represented in Fig. 10.
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Fig.10. Projection of working space in the plane OXZ

Let the robot workspace is located in the sector, limited
by the angle ZNOQ (fig. 3) and also performed by
condition (9). Then, the logical expression on the basis of
the logical variables (1) - (8), (10), (12), describing the given
workspace takes the following form:

(D,ND,ND;NDHUD,ND,ND;NDHU
U(D,ND,N DN D,)U(Dy N Dy, N Dy ) N(D; N D) =1

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig.3) and also performed by
condition (9), then, the logical expression describing the
given workspace takes the following form:

(D,ND,ND;ND,)U(D,ND,ND,ND,HU
U(Dlsz mDé OE)U(EHDIO mD11))ﬂ(D7 UDs):l

Let the robot workspace is located in the sector, limited
by the angle ZNOQ (fig. 3) and also performed by

condition (11), then, the logical expression describing the
given workspace takes the following form:

(D,ND,ND;NDy)U(D,ND,NDHU
U(D, N D, N DN D,)U(Dy N Dy N D ))N(D; N D) =1

Let the robot workspace is located in the sector, limited
by the angle ZMON (fig.3) and also performed by
condition (11), then the logical expression describing the
given workspace takes the following form:

((D,ND,ND;NDy)YU(D,ND, N DU
U(DlﬂDz nD6 ﬂD_4)U(179ﬂD10 r]D11))n(D7 UDx):l

Conclusions
As can be seen from the description of the workspace,

the following conclusions may be applied:

e the view of the 3-degree manipulator workspace
depends on the type of kinematic pairs forming the
kinematic chain;

o the type of work space depends on the limits of change
of the generalized coordinates by the mobility degrees
of the robot manipulator;

o the description of the logical expression depends on the
type of working space.
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