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Plano-parallel models of the electrical systems with non-uniform
heat exchange on a perimeter
Part Il. Transient temperature field

Abstract. In the article a spatial-temporal heating curve and distribution of the local time constant of the plano-parallel system were determined by
the method of states superposition. The heat exchange is characterized by three different coefficients of the heat transfer on a perimeter of the
system cross-section. The transient component of the thermal field was found solving the boundary-initial problem for the equation of heat
conduction by the separation of variables method. The presented solution can be a mathematical model of the transient thermal field in a rectangular
DC busway or in a long dielectric capacitative heated. It was proved that the busway can be approximated by the element of lumped parameters. In
opposition to that, long dielectric have to be modeled by the element of distributed parameters. The results were verified by the method of finite
elements (program NISA v. 16) and presented in a graphic form.

Streszczenie. Za pomocg metody superpozycji stanéw w artykule wyznaczono przestrzenno-czasowg krzywg rozgrzewu i rozktad lokalnej statej
czasowej uktadu ptasko-rownolegtego. Wymiane ciepta charakteryzujg trzy rézne wspéfczynniki jego przejmowania na obwodzie przekroju ukfadu.
Sktadowg przej$ciowg pola termicznego uzyskano rozwigzujgc metodq separacji zmiennych zagadnienie brzegowo-poczatkowe dla réwnania
przewodnictwa cieplnego. Prezentowane rozwigzanie moze stanowi¢ model matematyczny nieustalonego pola termicznego w prostokgtnym
szynoprzewodzie DC lub w dtugim dielektryku nagrzewanym pojemno$ciowo. Wykazano, ze szynoprzewéd moze by¢ aproksymowany elementem o
parametrach skupionych. W przeciwienstwie do tego, dfugi dielektryk musi by¢ modelowany elementem o parametrach roztozonych. Wyniki
sprawdzono za pomocg metody elementéw skonczonych (program NISA v. 16) i przedstawiono w postaci graficznej.(Pfasko-rownolegte modele
uktadow elektrycznych z nierwnomiernym oddawaniem ciepfa na obwodzie. Czes¢ Il. Nieustalone pole temperatury).

Keywords: analytical methods of the field theory, transient heat flow, heating curves, thermal time constants
Stowa kluczowe: analityczne metody teorii pola, nieustalony przeptyw ciepta, krzywe rozgrzewu, termiczne state czasowe

Introduction

The second part of the paper is focused on dynamic
states of the temperature in plano-parallel systems
presented in [13]. The aim of article is determination of
parameters of the transient state: spatial-temporal heating
curves (step characteristics) and thermal time constants. ) 62v,(x,y,t)+62v[(x,y,t)_i ov,(x,y,t)
The mentioned parameters are very important in the P 6y2 P ot -
analysis of transient states arised in a busway in effect of

In accordance with the method of states superposition
[5], [6], the nonstationary increase v,(x,y,t) does not depend
on an excitation and it is described by the following
homogeneous equation

0

the supply switching on, the change of a load or a shortage.
A knowledge of the mentioned parameters is also useful in
the investigation of the possible system overloading by a
current larger than the steady state current rating in the
process of irregular or interceptive regime [1], [2]. In turn, in
case of the capacitative heating, the transient state plays
significant role in the rapid heating by a large power [3], [4].

Analogical as in part | of the paper [13], the
nonstationary thermal field will be determined by the
analytical way.

Mathematical model of the transient component of a
heating curve

The heating curve of a model was determined by the
method of the states superposition [5], [6]

(1) T(x,,0) =T, +v,(x,y)+v,(x,,1),

where: v(x,y), - increase of a temperature of the steady
component, v(x,y,t) - increase of atemperature of the

transient component (limv,(x,y,t)=0) after the step
t—0

switching on of heat sources [13, formula
T, - ambient temperature.

The stationary distribution v,(x,y) was determined in [13].
For that reason only the transient component of a curve
vi(x,y,t) was analyzed in the present paper.

An initial-boundary problem for the transient component
vi(x,y,t) was formulated on the basis of (1) and taking
advantage of a boundary problem of the stationary
component v(x,y) [13, formulas (2), (3)].

(2a,b)],

PRZEGLAD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 91 NR 10/2015

for |x|£a and 0<y<b, ¢t>0 where:

x=A(co - diffusivity, A1 - specific thermal conductivity

o - density, ¢ - specific heat of a material, ¢ - time, (24,b) -
dimensions of the system cross-section [13, Fig. 1].
Boundary conditions for v,(x,y,z) are analogical with [13,
formulas (3)]

R T R
(3b) M|x=0: 0,

ox
(30) % 0= ey =00,
(3d) %;y,t) yob= —aTHv, (x,y=b,1),

where ay=a;#ay are the heat transfer coefficients on a
perimeter of the cross-section shown in [13, Fig. 1]. Then in
accordance with the method of states superposition [5], [6],
the initial condition of the transient component is equal to
the negative stationary component

(4) vt(x,y,t=0):—vs(x,y).

Relations (2)-(4) formulate the problem of the transient
component of a heating curve.
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Solution of the boundary-initial and
determination of heating curves model

The homogeneous equation of heat conduction (2) was
solved by the separation of variables [5], [7]. As separation
constants (3/b)’ and (f,/a)’ were assumed. Advantage of
the thermal conditions symmetry with respect to the plane
x=0 was taken. In the result it was obtained

®)

problem

{59)
{msm(ny )+ Gy COS(7, >}

for il <a, 0sy<b and >0, where: F,,, G,, - coefficients of the
trigonometric series, £,.y, - dimensionless eigenvalues of
the problem. Relation (5) fulfills condition (3b). Then (5) was
introduced to (3c). It leads to elimination of the coefficient
F,,. Hence it follows, that

(6)

Vt(xsyst) - z ZCOS(ﬂm

m=1ln=1

B Va
)
vi(x,y,0) = zszn cos(f3,, *)[ sin(y,, —) +cos(7, 7)} [" b J

m=1n=1

for x| <a, 0<y<b and >0.

Introducing (6) to (3a) the first equation of eigenvalues was
obtained as

aya
BaA’

where £, are the consecutive positive roots of (7). In turn,
after introduction of (6) to (3d) the second equation of
eigenvalues was obtained with respect to the roots y,. It is
identical as in part | of the paper [13, formula (6)]. For this
reason the same constant (y,,/b)z can be assumed with
separation of variables in equations (2) and [13, formula
(21

The unknown coefficient G,,, in (6) should be determined,
as well. For this reason an initial condition (4) for the
transient component was utilized. After substitution of (6) to
(4) and taking advantage of [13, formula (5a)] it was

(7) 1gh, =

obtained
(8)
;Zl €08 mz{j‘:jsinmZ)+cosmg)}——vs<x,y)—

:_(_gy+B y+B] > Dy coshfr, =

) P’ 2 L/ksm(}/k y)+cos(yk )}

where: B, D; were determined in [13, formulas (5b) and (9)]
and the indices were changed n—% in the last component of
the right side of (8).

Then relation (8) was multiplied by cos(fx/a) and integrated
by sides in a sector <-a,a> with respect to the coordinate x.
Analogical operations were done with the aid of function

A
71
the coordinate y. Advantage was taken of the sequence

[a_bsm(yl =)+ cos(y, _)] in a sector <0,h> with respect to

A

(proved in [13, appendix]) and of the sequence cos(fx/a) in a
sector <-ag,a> (proof is given in an appendix to the present
article). Finally, the coefficient G, is expressed below

[a—bs1n(7,—)+cos(yl—)] orthogonality in a sector <0,b6>
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©)
ba
- [, (x,y)(cosw,» x)](‘”bsinm Y tcos(, L) xdy
G0 a’ \ v b b
il — 5
lof el
where:

b 2
a;b . .
||1(l)||2 :I(ﬁsm(y, %)4—005(7/1 %)j dy - is a square of
0 71

the norm [8] of the sequence {_jsm(yl =)+ cos(y, _)J
71

||I(i)||2:Tcos2(ﬂi§)dx - square of a norm of the

X
sequence cos(f; —) .
a

It is worth to notice, that v(x,y) introduces to (9) a third index
k (next to i, /). It follows from the right side of (8). Hence
with the computation of integrals in (9) orthogonality of the
functional sequences with arguments (yy/b) and (y/b)
should be considered in a sector <0,b>. It leads to a closed
form of G;. After taking advantage of eigenvalues equations
and some simplifications it was obtained

(10)
- Zgab3 sin(ﬁi )[aH sin(;/, )(bzaf + ;/,2/12)+ Anba; (aL +ay )]
il — -
L@ @l (e, + )7
Zab{bﬂi cos}{}/, stin(ﬂi)+ ay; sinh(}/l Zj cos(,B,» )}
-D ,
o2+ raof

where:

a1 o) = a{l+

)

(/12}/,2 +b2a£ Isinz(y, )(aLotHb2 + /12;/]2)+ ﬂyfb(aL +oay )]
2/13714(0& + “H) .

(12)

lrof =

Finally, after superposition with respect to relation (1) the
spatial-temporal curves T(x,y,t) of heating were obtained.
The second component of (1) was determined in [13,
formula (5a)], and the third one is described by (6) (where
Gmn results from (10)-(12) after the exchange i—m, [—n).

Thermal time constants

After consideration of determined distributions vy(x,y)
and vx,y) in (1), it is hard to evaluate duration of the
transient state on the basis of T(x,y,¢). For this reason it is
determined with some approximation with the aid of the
known criterion of an averaged (locally) time constant [14],
[15]. It relies on approximation of each point of the system
by the first order inert element. The step response of such
an object is generally known, as

t t

(13)  T(x,y,¢)=T,(x,y e 7o) +T(x,y,t =0) "™,

where z(x,y) - averaged (locally) time constant.
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_ t
7(x,»)

After determination of e from equation (13) and
integration by sides with respect to atime ¢ one obtains
7(x,y) in the form [9], [10], [11]

(14) T(x,y)zj T('x’y’t)_rﬁ‘(x’y) dt:'[ vt('x’y’t) dt,
0 T3, 0=0)-T,(x,y) " v (xy.r=0)

where (1) was utilized. Introduction of (6) to (14) leads to

determination of the investigated time constant

(15)

2,2
33 a’b x| a;b . y y
G555 3.€08 - isln Z)4+COoS Ed
dx.y)= 2L i iy a){ 2 ) oot b)}
’ © © Tab B S
G COS(B,, ) —L=sin(y, =) +cos@, =
,,,Z:%,,Z:,: i mn a)|:}/,,ﬂ n b) (]/n b)}

Distributed parameters of the analyzed system cause, that
heating curves at each of its point grow with a different time
constant. Duration of the transient state at a location (x,y) is
estimated for 47(x,y).

Computational examples

The spatial-temporal heating curves and time constants
of the investigated systems were determined with the use of
Mathematica 7.0 package [12]. Data sets from [13, (12),
(13)] were supplemented by the following parameters: for a
busway c=910J/(kgK), 5=2720kg/m’ and
p(T,=62.5°C)=3.54510°0m and for a fir plank
c=2400J/(kgK), 5=450kg/m’.

Double series in (6) (similarly as the single one in [13])
occurred to be rapid convergent. For a busway the three
terms of the expansion of each sum in (6) were considered.
Adding ten consecutive terms in both sums causes for r>3s
a change of the result just on 8-th position after the decimal
point at each point of the system. In turn, in computations of
a dielectric charge 50 terms of each sum in (6) were
considered. The increase of indices to 100 in the both
sums of (6) causes for #>35s a change of the result on 4-th
position after the decimal point at the points of the slowest
convergence.

The results of computations of both models were shown in
a graphic form. In Fig. 1, 2 spatial distributions of the field in
a busway were shown for smaller and larger instants,
respectively. In turn, in Fig. 3, 4 temperature distributions in
the fir plank were illustrated at analogical time instants. In
Fig. 5, 6 heating curves were shown at the selected points,
in a busway and in a wood, respectively. In Fig. 7
distribution of the averaged (local) time constant in a fir
plank was illustrated. For the busway a value of the time
constant is ca. 7=878.6s and practically doesn’t change its
value in the whole region. For this reason its diagram was
not included.

The presented method was verified analogously as in [13].
For this aim the obtained results were compared with
computations realized with the aid of the NISA programme
[16] by the finite element method [17]. Namely to [13,
formula (14)] distributions (1) at the selected time instants
were introduced. In the result relative differences in a
busway were illustrated in Fig. 8, and in a fir plank in Fig. 9.
It was checked, that relative differences for larger times do
not exceed 0.0023% at a busway and 0.08% at a fir plank
(for Il <a, 0<y<b).

PRZEGLAD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 91 NR 10/2015

T(x,y,t=10s)

25.8486

25.8482

Temperature [°C]

0.005

width [m] 0.005

Fig. 1 Spatial distribution of the thermal field in a busway at the
instant t=10 s

Temperature [°C]

width [m] 0.005 )

Fig. 2 Spatial distribution of the thermal field in a busway at the
instant t=800 s

Final remarks

A) It follows from Fig. 1 and Fig. 2, that for smaller and
larger times the spatial temperature distributions in a
busway are close to uniform ones. A physical reason of that
phenomenon is the large thermal conductivity of aluminum.
It can be noticed, as well, that distributions at the
consecutive time instants and the stationary one in [13]
show aclose similarity. However they are significantly
shifted with respect to each other along the temperature
axis.

In turn, in the capacitative heating analysis (Fig. 3, 4)
much more uniformity of the field distribution can be noticed
for shorter times (Fig. 3) than for the longer ones (Fig.4).
The small thermal conductivity of wood causes, that at the
beginning of the transient state the influence of a cooling
process of the system on a shape of the field is relatively
small. In that time period a dominant role in the forming of
distributions play heat sources (which are uniform). The
similar effect was noticed in the paper [4], as well, in which
one dimensional problem of the food heating was analyzed
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Fig. 3 Spatial distribution of the thermal field in a fir plank at the
instant t=20 s
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Fig. 4 Spatial distribution of the thermal field in a fir plank at the
instant t=1700 s
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Fig. 5 Heating curve of the busway

B. A large value of the thermal conductivity of a busway
causes, that the time constant is practically the same
(r=878.6s) at the whole area {forll <« and 0<y<b}. It
confirms practically the same heating curves (Fig. 5) at
different points of the system. Then in the busway a spatial
distribution of the field can be neglected and it can be
treated as the element with lumped parameters. In turn, in
case of capacitative heating the heating curves (Fig.6) and
the time constant (Fig. 7) significantly depend on the point
location. Larger vales of z(x,y) can be observed in Fig. 7 at a
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half of the height of a fir plank i.e. with ysb/2 for M <a. The
same conclusion follows from Fig. 6 (after the
consideration, that each curve possess its own asymptote
and a tangent). Then the heated dielectric is the element of
distributed parameters.
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Fig. 6 Heating curves at the selected points of a fir plank
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Fig. 7 Averaged time constant in a fir plank in the function of
geometrical coordinates
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Fig. 8 Relative differences of the temperature distributions obtained
in a busway by the finite element method and by the analytical one
at the instant t=10 s
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Fig. 9 Relative differences of the temperature distributions
obtained in a fir plank by the finite element method and by the
analytical one at the instant t=1700 s

C. In the both considered systems (for shorter and longer
times) relative differences of the field distributions
(computed in the analytical and by the numerical way) are
very small. It is illustrated for example in Fig. 8 and in Fig. 9.
Therefore the method presented here is verified.
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Appendix

Proof of an orthogonality of the sequence cos(/5,, E) ina
a
sector (— a,a) .
For n=m it takes place

I(n, m) = j“ cos(ﬂm ﬁ) cos(ﬁn i)abc =
a a

—a
ﬁ m

= (ﬁzza—ﬂz)cosﬁn sin §3,, —(ﬁzai”gz)cosﬁm sin f3,.

Introducing the equation of eigenvalues (7) in the form
aya

sin 8, = cos 3,, and the same relation but with respect
m

to the series g, to the above formula, in the result one

obtains

(16)  I(n,m)=

2a2a,, 2a2a,,
cos S, cos B3, — cos B, cos B3, =0.
gz e g ) e

A square of the norm of the considered sequence is equal
to

||N(I’l)||2 - ,T. coSz(ﬂn %)dx = a[l +Slnﬁ"ﬂ¢ﬁ"]

n
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After introduction of the eigenvalues equation and some
simplifications it was obtained, that

(17) NG = a[l +%cosz ﬂn] >0.

n

Then finally from relations (16) and (17) follows

¢ X X, 0 for n#m
I(n,m) = _J‘a cos(f,, ;) cos(f, ;)dx = {"N(n)"z ~0  for n=m

QED (quod erat demonstrandum).
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