
30                                                                                 PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 92 NR 4/2016 

Maciej WŁODARCZYK, Andrzej ZAWADZKI, Sebastian RÓŻOWICZ 

Kielce University of Technology, Faculty of Electrical Engineering, Automatic Control and Computer Science 
 

doi:10.15199/48.2016.04.08 
 

Fractional models of selected combustion engine ignition 
systems 

 
 

Abstract. This paper attempts to introduce a quasi-inductive element into ignition system and describes it by fractional order equation. Two typical 
systems have been studied and numerical analysis has been conducted. 
 
Streszczenie. W pracy podjęto próbę wprowadzenia elementów quasi-indukcyjnych, aby opisać równaniem ułamkowego rzędu układy zapłonowe. 
Dwa typowe systemy zostały zbadane, po czym przeprowadzono dla nich analizę numeryczną. (Ułamkowe modele wybranych układów 
zapłonowych silników spalinowych) 
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Introduction 

Ignition systems of modern vehicles are modeled by 
electrical circuits whose mathematical description is given 
by nonlinear equations [1-3]. Studies on the dynamics of 
ignition systems are hard and results of analysis and digital 
simulation differ from the experimental ones. In our paper 
an attempt has been made to introduce quasi-inductive 
element L (described by the equation of fractional order ) 
into a model of the ignition system. Ignition systems are 
magnetically coupled primary and secondary circuits. The 
object of our research is an electrical circuit modeling the 
primary side of the ignition system. The paper attempts to 
answer the question whether it is possible to model 
nonlinearity and losses in actual systems by an induction 
element of fractional order. 
 
Fractional models of ignition systems 
 Generally, ignition systems can be represented as 
systems with energy storage in inductance and the ones 
with energy storage in capacitance [4, 5, 9, 11]. Replacing 
the inductive element (ignition coil) with L element we 
obtain two models shown in Figure 1. 
 

 
 
Fig. 1.a) model of a system with energy stored in capacitance 
 

 
 
Fig. 1.b) model of a system with energy stored in inductance 
 
Analysis of transient state and digital simulations 

Two systems presented in Fig.1 are analyzed. System 
1a can be written as: 
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where: u(t) capacitor voltage, )(0 tfDt
C  - derivative of non-

integer order αaccording to Caputo definition [4, 5, 7]. 
 
Reducing the set into one equation with respect to i(t): 
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and using Laplace transformation [4]: 
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we obtained current transform: 
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To determine inverse transform a continued fraction 
expansion (CFE) metod [6, 8,11,12] was applied. 
Accordlingly, for fifth-order approximation (5A): 
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we obtained current series for  = 0,9; 0,8; 0,5 and 
compared them to the ones in classical circuit RLC.  
 The system presented in Fig. 1b models transient state 
for a switch-off state of RL circuit. As it is well known there 
is no classical solution in this case as commutation laws are 
not satisfied. For an ideal open switch and time t>0 we got 
the equation: 
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where: up(t) is a voltage on an open switch. 
Current equals step function: RtUti /)()( 1  hence, 

equation (4) for 10   takes the form: 
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so voltage transform on switch contact is: 

(6)  
Rs

LU
s

s

U
sU p 


       

By determining the inverse transform as described above 
voltage series shown in Fig.3 were obtained. 
 

 
 

Fig.2. Current series for RCLα   for a switch-on state of a circuit.  
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Fig.3. Voltage series for derivatives  = 0.9 , 0.8 , 0.5. 
 
Model of the studied ignition system 
 For the experiments the model of the ignition system 
presented in Figure 4 was used. 
 
The equation of state in a classical form can be written as 
follows: 
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The solution of the equation will be given with regard to the 
results of the equation of non-integer order. 
 

 
 

Fig.4. A model of the studied ignition system (E = 12 V, R = 2.8 Ω, 
R1 = 0.56 Ω, L = 0.01 H, C = 0.25 µF). 

Substituting the derivative of the first order in equation (7) 
by the derivative of non-integral order that fulfils inequity 
0< we obtain the equation of state (8). 
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After the Laplace transform with given initial conditions: 
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we obtain: 
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Then solving  the equation (10) with regard to transforms of 
current in the coil  and  capacitor voltage we get: 
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To determine the reverse transform the CFE method was 
used for the fifth-order approximation which allowed us to 
approximate sfactor with the quotient of polynomials of 
integer degrees [7, 9]. 
Finally the transforms of current in the coil and capacitor 
voltage assumed the form: 
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 In both cases the poles were single which made it easier 
to determine the reverse transforms and obtain time series 
of current in a coil and time series of capacitor voltage.  
 Fig. 5 and Fig. 6 present the comparison of the results 
obtained for the derivatives of order = 0.9999 and = 0.99 
with classical ones (Fig. 7 and 8).  
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Fig. 5. Current series for the order = 1 and = 0.9999. 
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Fig. 6. Capacitor voltage series for the order  = 1 and= 0.9999. 
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Fig. 7. Current series for the order  = 1 and  = 0.999. 
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Fig. 8. Capacitor voltage series for the order =1 and=0.999 

As it is seen in the figures, the system is very sensitive 
to the first order of the equation (8) – the reduction of order 
by 0.001 results in significant attenuation of oscillation of 
both the current and capacitor voltage. 
 The results of physical experiment shown in Fig. 10. 
(blue line) were observed for Opel Astra ignition system on 
a specially constructed test presented in Fig. 9. Time series 
of current and voltage were obtained by means of digital 
oscilloscope (Tectrinic type: DPO 4104). 
 

 
 
Fig.9. Measurement set. 
 

Fig. 10. 
Solution of the fractional system of order  = 0.993. 

 
 Analyzing the results obtained in the physical 
experiment and the results of numerical simulation for 
different fractional orders, it was found that the numerical 
solution for the order  = 0,993 best matches the 
experimental results. The results of numerical simulation for 
integer order system (classical solution) significantly diverge 
from the measurements. 
 
Conclusion 
 The analysis shows that fractional systems can be used 
to model real physical processes occurring in the ignition 
systems of combustion engines with spark ignition. 
 Conventional (classical) approach to the analysis of 
electrical systems and their modeling usually ignores the 
effects resulting from imperfections of elements (losses, 
non-linearity). Such an approach does not always allow one 
to obtain reliable models and sometimes causes design 
errors. The use of derivatives of fractional order makes it 
possible to compensate for the omitted phenomena. 

The application of CFE method to determine the inverse 
transform, and thus solve differential equation of fractional 
order appears to be very useful. 
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