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Fourth Order Qualitative Inspection of Nonlinear Neutral Delay 
Difference Equation 

 
Abstract. This paper aim is to investigate the nonlinear neutral fourth order difference equation in the form  

   0)(3    eeeeee wfqwpwa . We establish some conditions to assure that all solutions to this equation are oscillatory or non-

oscillatory. We derived this using summation averaging technique and comparison principle. The main outcomes are illustrated using examples. 
 

Streszczenie. W artykule badano nieliniowe równanie różnicowe czwartego rzędu :    0)(3    eeeeee wfqwpwa . Ustalamy  pewne 

warunki,  aby  zapewnić,  że  wszystkie  rozwiązania  tego  równania  są  oscylacyjne  lub  nieoscylacyjne.  Wyprowadziliśmy  to  za  pomocą  techniki  uśredniania 
sumowania i zasady porównania. Główne wyniki zilustrowano na przykładach. (Badane nieliniowego  równania różnicowe czwartego rzędu) 
 

Keywords: Oscillation; Nonlinear; Neutral Difference Equation. 
Słowa kluczowe: oscylacje, równanie różnicowe 

 
Introduction 

In the present paper, we have obtained some criteria for 
nonlinear neutral fourth order difference equation 
                             
(1)        Newfqwpwa eeeeee   ,0)(3

     

One or more of the following assumptions will be applied 
throughout the rest of our investigations: 

 1H        eee qpa ,,  are positive real sequences and 

0eq  for all the value of e, where 

 .....,,, 4321 eeeeN   

 2H    ,  are positive integer and f is a real valued 

continuous function. 
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Equation (1) satisfy the real  sequence  ew  for all 

Ne . The solution of equation (1) is said to be 
oscillatory if it is neither eventually positive nor eventually 
negative and it is non oscillatory otherwise. The study of 
oscillatory solutions of neutral delay difference equations 
has gotten a lot of attention in recent years. Higher-order 
equations, particularly third and fourth order equations e.g. 
(2-11) have gotten far less attention.  

In [2], the authors considered with the oscillatory 
property of neutral fourth order delay difference equation in 
the form  

      02    nnnnnnn yfqybyac  

are established.  

In [3], the authors considered the oscillation property of 
nonlinear third order difference equation in the form 
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 are established. 

In [4], the authors studied the oscillatory behaviour of 
fourth order linear and nonlinear difference equation of the 

form 01
3 
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a  are obtained. 

In [6], the authors studied some sufficient conditions for 
the oscillation of certain fourth order nonlinear difference 

equation of the form   0
1 22 
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are obtained. 

In [7], the authors considered the oscillation of nonlinear 
difference equation in the form 

     0
1 22 
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yfqypy
a    are 

established. 

In [9], the authors studied the linear neutral delay 
difference equation in the form

      0)()()()()()( 2  nxnqnxnpnxna 
are established. 

In [10], the authors studied the oscillation of third order 
neutral delay difference equation 

    03   lnnknnn yfqypy  are obtained. 



PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 98 NR 7/2022                                                                                         67 

The goal of this study is to find some new adequate 
condition for equation (1) of fourth order nonlinear 
difference equation. The findings in this research were 
influenced by those found in [7, 10, 11]. 

Oscillatory results 
We have got some sufficient conditions for the 

oscillation of equation (1) in this section. 

Theorem 1   Assume  ∑
ఊೞ

ೞ
𝑓ሺ1  𝑝௦ିఉ𝑤௦ିఈିఉ ൌ ∞

௦ୀ
, and if 

the condition (𝐻ଷሻ, (𝐻ସሻ holds then every solution of (1) is 
oscillatory. 

Proof: Suppose ሼ𝑤ሽ is an non oscillatory solution of (1).  
Without loss of generality, assume 𝑤 is eventually positive. 

               ∆ଷሺ𝑎∆𝑘ሻ  𝑞𝑓൫𝑤ିఉ൯ ൌ 0 

∆ଷሺ𝑎ାଵ∆𝑘ାଵ െ 𝑎∆𝑘ሻ  𝑞𝑓൫𝑘ିఉ  𝑝𝑤ିఈିఉ൯ ൌ 0 

(2)  𝑎ାଷ∆𝑘ାଷ െ 3𝑎ାଶ∆𝑘ାଶ  3𝑎ାଵ∆𝑘ାଵ െ 𝑎∆𝑘 
𝑞𝑓൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯ ൌ 0                             

𝑎ାଷ∆𝑘ାଷ  3𝑎ାଵ∆𝑘ାଵ  𝑞𝑓൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯
ൌ 3𝑎ାଶ∆𝑘ାଶ  𝑎∆𝑘    

           𝑞𝑓൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯  𝑎∆𝑘 

𝑞𝑓൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯ െ 𝑎∆𝑘 ൌ 0              

Let   𝑥 ൌ
ఊ∆

൫షഁ൯
  

𝑞𝑓൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯ െ
𝑎𝑞𝑓൫𝑘ିఉ൯𝑥

𝛾
 ൌ 0 

 
𝑞𝑓൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯

𝑎𝑞𝑓൫𝑘ିఉ൯
 𝑥 

𝑓൫1  𝑝ିఉ𝑤ିఈିఉ൯𝛾

𝑎
 𝑥 

𝛾

𝑎
𝑓൫1  𝑝ିఉ𝑤ି∝ିఉ൯  𝑥 

Generalizing the above inequality 


𝛾௦

𝑎௦



௦ୀబ

𝑓൫1  𝑝௦ିఉ𝑤௦ି∝ିఉ൯  𝑥௦ 

When 𝑠 → ∞ 


𝛾௦

𝑎௦



௦ୀబ

𝑓൫1  𝑝௦ିఉ𝑤௦ି∝ିఉ൯  ∞ 

Which is a contradiction to our assumption that 𝑤  is a non 
oscillatory 
Hence our assumption is wrong, therefore equation (1) is 
oscillatory 
This completes the proof. 
 
Theorem 2   The solution of (1) is non oscillatory, if the 
following assumption (𝐻ଷሻ, ሺ𝐻ହሻ 𝑎𝑛𝑑 ሺ𝐻ሻ holds then 
𝑇బ

  െ𝑉  ∑ 𝑇
ଶ

ୀబ
 

Proof: Let 𝑤 be the non oscillatory solution of (1). 
Without losing the generality, assume 𝑤  0. 

Let  𝑘 ൌ 𝑤 െ 𝑝𝑤ିఈ 

∆ଷሺ𝑎∆𝑘ሻ  𝑞𝑓൫𝑤ିఉ൯ ൌ 0 

𝑎ାଷ∆𝑘ାଷ െ 3𝑎ାଶ∆𝑘ାଶ  3𝑎ାଵ∆𝑘ାଵ െ 𝑎∆𝑘
 െ𝜌𝑞൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯   

𝜌𝑞൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯  𝑎∆𝑘 

(3)           𝑎∆𝑘 െ 𝜌𝑞൫𝑘ିఉ  𝑝ିఉ𝑤ିఈିఉ൯ ൌ 0               

Let  𝑇 ൌ


షഁ
 

∆𝑇 ൌ ∆ ቆ
𝑘

𝑘ିఉ
ቇ ൌ

𝑘ିఉ∆𝑘 െ 𝑘∆𝑘ିఉ

𝑘ାଵିఉ𝑘ିఉ
 

∆𝑘 ൌ
∆𝑇𝑘ାଵିఉ𝑘ିఉ  𝑘∆𝑘ିఉ

𝑘ିఉ
 

Substitute ∆𝑘 in equation (3) 

𝑎 ቆ∆𝑇𝑘ାଵିఉ 
𝑘∆𝑘ିఉ

𝑘ିఉ
ቇ ൌ 𝜌𝑞𝑘ିఉ൫1  𝑝ିఉ൯ 

𝑎∆𝑇  𝜌𝑞𝑘ିఉ൫1  𝑝ିఉ൯ െ 𝑎𝑇
ଶ 

∆𝑇 
1

𝑎
ൣ𝜌𝑞𝑘ିఉ൫1  𝑝ିఉ൯ െ 𝑎𝑇

ଶ൧ 

Taking Summation form 𝑛 ൌ 𝑒   𝑡𝑜   𝑒 

 ሺ𝑇ାଵ െ 𝑇ሻ  
1

𝑎
ൣ𝜌𝑞𝑘ିఉ൫1  𝑝ିఉ൯ െ 𝑎 𝑇

ଶ൧



ୀబ



ୀబ

 

𝑇ାଵ െ 𝑇  𝑇ାଶ െ 𝑇ାଵ െ 𝑇ାଷ െ 𝑇ାଶ െ 𝑇ାସ െ 𝑇ାଷ  ⋯ 

 𝑇ାଵ െ 𝑇  ∑ ଵ


𝜌𝑞𝑘ିఉ൫1  𝑝ିఉ൯ െ ∑ 𝑇

ଶ
ୀబ


ୀబ

   

𝑇ାଵ െ 𝑇  
 𝑉 െ  𝑇

ଶ



ୀబ

  

െ𝑇  
 𝑉 െ  𝑇

ଶ



ୀబ

 

𝑇  
 െ𝑉   𝑇

ଶ



ୀబ

 

Hence the proof. 

Theorem 3   Assume 

(4)        ∑ ቀ𝑦𝑞 െ
ሺ∆௬ሻమశభ

ସ௬ሺିభሻమቁஶ
ୀమ

ൌ ∞  𝑓𝑜𝑟  𝑒ଶ  𝑒ଵ       

and if the condition (𝐻ଵሻሺ𝐻ሻ 𝑎𝑛𝑑 ሺ𝐻଼ሻ hold then equation (1) is 
oscillatory. 

Proof: Let us assume that equation (1) of ሼ𝑘ሽ be non oscillatory. 

Without losing the generality, assume 𝑘  0 for all 𝑒  𝑒ଵ   

(5)  ∆ଷሺ𝑎∆𝑘ሻ  𝑞𝑓൫𝑤ିఉ൯ ൌ 

∆ଷሺ𝑎∆𝑘ሻ ൌ െ𝑞𝑓൫𝑤ିఉ൯  0           

That is ∆ଷሺ𝑎∆𝑘ሻ  0 for all 𝑒  𝑒ଵ 

Then ሼ𝑘ሽ, ሼ∆𝑘ሽ, ∆ሺ𝑎∆𝑘ሻ  and ∆ଶሺ𝑎∆𝑘ሻ  are monotonous and 
actually lead to one symbol. 
Claim that ∆ଶሺ𝑎∆𝑘ሻ  0 
Assume the contrary ∆ଶሺ𝑎∆𝑘ሻ  0 for all 𝑒  𝑒ଶ  𝑒ଵ 
Since ∆ଶሺ𝑎∆𝑘ሻ  is decreasing and exist a positive constant 
𝑐ଵ  0 and  𝑒ଷ  𝑒ଶ 

∆ଶሺ𝑎∆𝑘ሻ  െ𝑐ଵ for all 𝑒  𝑒ଷ 

Taking Summation from 𝑒ଷ to ሺ𝑒 െ 1ሻ, we get 
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∆ ሺ𝑎∆𝑘ሻ  ∆ ൫𝑎య
∆𝑘య

൯ െ 𝑐ଵሺ𝑒 െ 𝑒ଷሻ 

That is ∆ ሺ𝑎∆𝑘ሻ →  െ∞ as 𝑒 → ∞ 

∆ ሺ𝑎∆𝑘ሻ  ∆ ൫𝑎ర
∆𝑘ర

൯ ൏ 0, there exist a 

positive constant 𝑐ଶ  0 and  𝑒ସ  𝑒ଷ 

∆ ሺ𝑎∆𝑘ሻ  െ𝑐ଶ for all 𝑒  𝑒ସ 

Taking Summation from 𝑒ସ to ሺ𝑒 െ 1ሻ, we get 

∆ ሺ𝑎∆𝑘ሻ  ∆ ൫𝑎ర
∆𝑘ర

൯ െ 𝑐ଶሺ𝑒 െ 𝑒ସሻ 

That is ∆ ሺ𝑎∆𝑘ሻ →  െ∞ as 𝑒 → ∞ 

𝑎∆𝑘  𝑎ఱ
∆𝑘ఱ

൏ 0, there exist a non-negative constant 𝑐ଷ  0 
and  𝑒ହ  𝑒ସ 

                     𝑎∆𝑘  െ𝑐ଷ   for all 𝑒  𝑒ହ 

∆𝑘  െ𝑐ଷ
1

𝑎
 

Taking Summation from 𝑒ହ to ሺ𝑒 െ 1ሻ, we get 

𝑘  𝑘ఱ
െ 𝑐ଷ 

1
𝑎

ିଵ

ୀఱ

 

That is  𝑘 →  െ∞  as 𝑒 → ∞ 

This contradicts to the fact that 𝑘 is positive.  

Then ∆ଶሺ𝑎∆𝑘ሻ  0 

(6)       Let𝑡 ൌ
௬

௪షഁ
∆ଶሺ𝑎∆𝑘ሻ  0                          

𝑡

𝑦
ൌ

1
𝑤ିఉ

∆ଶሺ𝑎∆𝑘ሻ 

∆𝑡 ൌ ∆ଶሺ𝑎ାଵ∆𝑘ାଵሻ∆ ൬
௬

௪షഁ
൰ 

௬

௪షഁ
 ∆ଷሺ𝑎∆𝑘ሻ  

From (5) and (H9), we get  𝑞 ൌ  െ
∆మሺሻ

௪షഁ
 

∆𝑡 ൌ
𝑘ାଵ∆𝑦 െ 𝑦𝑘ାଵ

𝑘ାଵ𝑘ାଶ
∆ଶሺ𝑎ାଵ∆𝑘ାଵሻ െ 𝑦𝑞 

∆𝑡 ൌ
∆𝑦

𝑦ାଵ
𝑡ାଵ െ

𝑦∆𝑘ାଵ

𝑘ାଶ
ଶ ∆ଶሺ𝑎ାଵ∆𝑘ାଵሻ െ 𝑦𝑞 

Take 

𝑎∆𝑘 ൌ 𝑎ଵ∆𝑘భ
  ∆ሺ𝑎∆𝑘ሻ  ሺ𝑒 െ 1 െ 𝑒ଵሻ∆ሺ𝑎∆𝑘ሻ

ିଵ

ୀభ

 

𝑎ାଵ∆𝑘ାଵ ൌ 𝑎భାଵ∆𝑘భାଵ  ∑ ∆ሺ𝑎௦ାଵ∆𝑘௦ାଵሻ  ሺ𝑒 െିଵ
ୀభ

𝑒ଵሻ∆ሺ𝑎ାଵ∆𝑘ାଵሻ  

∆ሺ𝑎ାଵ∆𝑘ାଵሻ ൌ ∆ሺ𝑎భାଵ∆𝑘భାଵሻ  ∑ ∆ሺ𝑎௦ାଵ∆𝑘௦ାଵሻ ିଵ
ୀభ

ሺ𝑒 െ 𝑒ଵሻ∆ଶሺ𝑎ାଵ∆𝑘ାଵሻ  

𝑎ାଵ∆𝑘ାଵ  ሺ𝑒 െ 𝑒ଵሻ∆ଶሺ𝑎ାଵ∆𝑘ାଵሻ 

(7)    ∆𝑡 ൌ െ𝑦𝑞 
∆௬

௬శభ
𝑡ାଵ െ

ሺିభሻమ௬

శభ௬శభ
మ 𝑡ାଵ

ଶ                        

∆𝑡 ൌ െ ቆ𝑦𝑞 െ
ሺ∆𝑦ሻଶ𝑎ାଵ

4𝑦ሺ𝑒 െ 𝑒ଵሻଶቇ 

Taking summation from 𝑒ଶ to 𝑒 െ 1, we get 

𝑡  𝑡భ
െ   ቆ𝑦 െ

ሺ∆𝑦ሻଶ𝑎ାଵ

4𝑦ሺ𝑒 െ 𝑒ଵሻଶቇ

ିଵ

ୀమ

 

Since  𝑡 → െ∞ as 𝑒 → ∞ 
Which is the contradiction 𝑡  0 
Hence the proof. 

Theorem 4   Every solution of (1) is oscillatory if the 
conditions (𝐻ଵሻሺ𝐻ሻ 𝑎𝑛𝑑 ሺ𝐻଼ሻ hold, where 𝐾 ൌ 𝑤 െ 𝑝𝑤ି∝ 

Proof: Assume the contrary that the solution of ሼ𝑤ሽ  is non-
oscillatory of (1) 

𝑤 is equal to 𝑘 

Without losing the generality, assume 𝑤  0  ie) 𝑘  0  for all 
𝑒  𝑒ଵ 

∆ଷሺ𝑎∆𝑘ሻ  𝑞𝑤ିఉ ൌ 0 

∆ଷሺ𝑎∆𝑘ሻ ൌ െ𝑞𝑤ିఉ  0 for 𝑒  𝑒ଵ 

Show that ∆ଷሺ𝑎∆𝑘ሻ  0 

Suppose the contrary ∆ଷሺ𝑎∆𝑘ሻ  0 , 𝑒  𝑒ଶ  𝑒ଵ 

Since ∆ଷሺ𝑎∆𝑘ሻ is decreasing, there exist 𝑐ଵ  0 and 𝑒ଷ  𝑒ଶ 

∆ଷሺ𝑎∆𝑘ሻ  െ𝑐ଵ   for 𝑒  𝑒ଷ 

Summing the above inequality from 𝑒ଷ to 𝑒 െ 1 

∆ଶሺ𝑎∆𝑘ሻ  ∆ଶ൫𝑎య
∆𝑘య

൯ െ 𝑐ଵሺ𝑒 െ 𝑒ଷሻ 

That is ∆ଶሺ𝑎∆𝑘ሻ → െ∞   as 𝑒 → ∞ 

∆ଶሺ𝑎∆𝑘ሻ is decreasing there exist 𝑐ଶ  0 and 𝑒ସ  𝑒ଷ 

∆ଶሺ𝑎∆𝑘ሻ  െ𝑐ଶ   for  𝑒  𝑒ସ 

Summing the last inequality from 𝑒ସ to 𝑒 െ 1 

∆ ሺ𝑎∆𝑘ሻ  ∆൫𝑎ସ∆𝑘ర
൯  െ 𝑐ଶሺ𝑒 െ 𝑒ସሻ 

That is ∆ ሺ𝑎∆𝑘ሻ → െ∞ as 𝑒 → ∞ 

∆ ሺ𝑎∆𝑘ሻ is decreasing there exist 𝑐ଷ  0 and 𝑒ହ  𝑒ସ 

∆ ሺ𝑎∆𝑘ሻ  െ𝑐ଷ for all 𝑒  𝑒ହ 

Summing the last inequality from 𝑒ହ to e – 1 

𝑎∆𝑘  𝑎ఱ
∆𝑘ఱ

െ 𝑐ଷሺ𝑒 െ 𝑒ହሻ 

That is 𝑎∆𝑘 → െ∞ as  𝑒 → ∞ 

𝑎∆𝑘 is decreasing there exist 𝑐ସ  0 and 𝑒  𝑒ହ 

𝑎∆𝑘  െ𝑐ସ for all 𝑒  𝑒 

∆𝑘  െ𝑐ସ
1

𝑎
 

Summing the last inequality from 𝑒  to e – 1 

 ∆ ሺ𝑎∆𝑘ሻ
ିଵ

ୀల

 െ  𝑐ସ

ିଵ

௦ୀల

 

𝑘  𝑘ల
െ 𝑐ସ 

1
𝑎

ିଵ

௦ୀల

 

That is 𝑘 → െ∞ as 𝑒 → ∞ 
This contradicts that 𝑘 is positive. 
Hence our assumption is wrong. 
Thus the solution of equation (1) is oscillatory. 

Example Consider the fourth order nonlinear neutral delay 
difference equation. 
(8) 

∆ଷ൫𝑎∆ሺ𝑤 െ 𝑝𝑤ି∝ሻ൯ 

 ቆ
16𝑒ଷ  96𝑒ଶ  240𝑒  208

𝑒 െ 3
ቇ 𝑤ିଷ ൌ 0   
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Where 𝑤 ൌ 𝑒ሺെ1ሻ, 𝑎 ൌ 𝑒, 𝑃 ൌ 𝑒ଶ, 𝛼 ൌ 1, 𝛽 ൌ 3, for all e > 3, 

and 𝑞 ൌ
ଵయାଽమାଶସାଶ଼

ିଷ
 

Equation (8) satisfies all the condition of the theorem (1). 
Hence all its solution are oscillatory one such solution is 𝑒ሺെ1ሻ. 

Conclusion  
In this paper, new oscillation criteria for the fourth order 

neutral delay difference equation are created using 
summation average techniques and the comparison 
principle. The goal of this research is to create some novel 
criteria for fourth order oscillatory neutral delay difference 
equation. So that we can use them if the other criteria don't 
work. We plan to expand these findings to higher order 
neutral delay difference equations in the future. 
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