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Fourth Order Qualitative Inspection of Nonlinear Neutral Delay

Abstract.  This
A3 (aeA(We

paper aim is to investigate the

nonlinear

Difference Equation

neutral fourth order difference equation in the form

— PW,_, ))+ . f (Wk ﬂ) = (). We establish some conditions to assure that all solutions to this equation are oscillatory or non-

oscillatory. We derived this using summation averaging technique and comparison principle. The main outcomes are illustrated using examples.

Streszczenie. W artykule badano nieliniowe réwnanie réznicowe czwartego rzedu : A (ae A(

W, — p.W,_, ))+ d. f (Weiﬂ) = (. Ustalamy pewne

warunki, aby zapewnic, ze wszystkie rozwigzania tego rownania sq oscylacyjne lub nieoscylacyjne. Wyprowadzilismy to za pomocq techniki usredniania
sumowania i zasady poréwnania. Gtéwne wyniki zilustrowano na przyktadach. (Badane nieliniowego réwnania réznicowe czwartego rzedu)

Keywords: Oscillation; Nonlinear; Neutral Difference Equation.
Stowa kluczowe: oscylacje, réwnanie réoznicowe

Introduction
In the present paper, we have obtained some criteria for
nonlinear neutral fourth order difference equation

(1 ) A3(aeA(We — P,

One or more of the following assumptions will be applied
throughout the rest of our investigations:

)+ fw, )=0e=N

(Hl) {ae },{pe}, {qe} are positive real sequences and
g, #0 for all the
N ={e.e,,e;,€,...}

(Hz) a, [ are positive integer and f is a real valued
continuous function.

value of e, where

(H3) ae+3Ake+3 +3ae+1Ake+1 >3ae+2Ak
H,) fu+v)=f@u)+ f(v)

(U)

(H) =p>0
(H,) z pann s+ P, g) <o
n= eo
e-1
Z——)OO as € —
n=e, an

(H) f(u=uforantu=0
Equation (1) satisfy the real sequence {V\é} for all

ecN . The solution of equation (1) is said to be
oscillatory if it is neither eventually positive nor eventually
negative and it is non oscillatory otherwise. The study of
oscillatory solutions of neutral delay difference equations
has gotten a lot of attention in recent years. Higher-order
equations, particularly third and fourth order equations e.g.
(2-11) have gotten far less attention.

In [2], the authors considered with the oscillatory
property of neutral fourth order delay difference equation in
the form

Alc,a%(@,A(y, +9,y, )+ d, f(y,,)=0

are established.

In [3], the authors considered the oscillation property of
nonlinear third order difference equation in the form

1 1 1 1
A —A —(Ay, ) | [-—(Ay, ) +—f(y,)=0
(rnl (anl ( 1) JJ pn—l ( 1) qn ( )
are established.

In [4], the authors studied the oscillatory behaviour of
fourth order linear and nonlinear difference equation of the

form A3[a—“Aynj+ Gy Y, =0 and
A3(an
an

n
In [6], the authors studied some sufficient conditions for
the oscillation of certain fourth order nonlinear difference

. J +q,f(y,, )=0 areobtained.

equation of the form A’

Ly, [+a,t(y,.,)=0
are obtained.

In [7], the authors considered the oscillation of nonlinear
difference equation in the form

1
N 8(y 4 pYo) [+ 00 (Vo) =0 are
established.

In [9], the authors studied the linear neutral delay
difference equation the form

Ala(n)A*(x(n) + p(n)x(r(n))))+ q(Mx(c(n))=0

are established.

In [10], the authors studied the oscillation of third order
neutral delay difference equation

A (yn T P Yok )+ q,f (ynf, )= 0 are obtained.
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The goal of this study is to find some new adequate
condition for equation (1) of fourth order nonlinear
difference equation. The findings in this research were
influenced by those found in [7, 10, 11].

Oscillatory results

We have got some sufficient conditions for the
oscillation of equation (1) in this section.
Theorem 1 Assume Zg’zeo?f(l + Ps_pWs_q—p = %, and if

the condition (H3), (H,) holds then every solution of (1) is
oscillatory.

Proof: Suppose {w,} is an non oscillatory solution of (1).
Without loss of generality, assume w,, is eventually positive.

A3 (acAk,) + qef(We—,B) =0
A3(agy1Bkery — aclk,) + Qef(ke—ﬁ + pewe—a—ﬁ) =0
(2) ae+3Ake+3 - 3ae+2Ake+2 + 3ae+1Ake+1 - aeAke +

qef(ke—ﬁ + pe—ﬁwe—a—ﬁ) =0

Aey3Bkeys +3ap418ke g + Qef(ke—ﬁ + pe—ﬁwe—a—ﬁ)
= 30p428ke12 + aplk,

Qef(ke—ﬁ + pe—/i’We—a—B) > a,Ak,

qef(ke—ﬁ + pe—ﬁwe—a—ﬁ) —ahk, =0
YeAke

Let Xe = Qef(ke—ﬁ)

aeqef(ke_p)x
qef(ke—[? + pe—BWe—a—B) - M =
e
Qef(ke—ﬁ + pe—ﬁwe—a—ﬁ)
aeQef(ke—ﬁ)
f(l + pe—BWe—a—[?)ye >
ae

> x,

Xe

Ye

a_f(l + pe—BWe—o(—ﬁ) > Xe
e

Generalizing the above inequality

e
E Y.
a_sf(l + ps—/i’Ws—oc—B) > Xg
s
s=eq

When s -» «©

e
2 V.
a_sf(l + ps—ﬁws—oc—ﬁ) >
s
s=e,

Ae+3Bkey3 — 3Ap428kers + 3Ae118keyq — acbk,
< _pqe(ke—ﬁ + pe—BWe—a—B)

er(ke—B + pe—BWe—a—B) > a,lk,

(3) acAk, — pqe(ke—ﬁ + pe—ﬁwe—a—ﬁ) =0
ke
Let T, = Yo
AT, = A( k., > _ ke_pghk, — keAke_g
ke—ﬁ ke+1—ﬁke—ﬁ
Ak, = AToker1-gke—p + kelke_g
ke_p
Substitute Ak, in equation (3)
keAk,_p

Qe (ATeke+1—ﬁ + ﬁ) = qu’ke—ﬁ(l + pb’—ﬁ)
e—
aAT, < pqgke—ﬁ(l + pe—ﬁ) - aeTe2
1 2
AT, < a_ [pqeke—li’(l + pE—B) —a.Tg ]
e

Taking Summation formn =¢, to e

e

e
1

Z (Tn+1 - Tn) < Z a_ [pann—ﬁ(l + pn—ﬁ) —an Tnz]
n

n=e, n=e,

T€o+1 - Teo + T30+2 - T€o+1 - T90+3 - Teo+2 - T90+4 -

1
Te+1 - Te < Z%:eo a_npann—ﬁ(l + pn—ﬁ) - Z%:eo Tr%

T,

€o0+3

+ -

e
Tewr =Ty SVam ) T3
e

n=e,
—T,, <Vp— Z T2
n=e,
e
T, =W+ Z T,2
n=e,y

Hence the proof.

Theorem 3 Assume

o (ye)*ae
@) I, (vt — o) = for ;2 ¢

and if the condition (H,)(H;) and (Hg) hold then equation (1) is
oscillatory.

Proof: Let us assume that equation (1) of {k,} be non oscillatory.

Without losing the generality, assume k, > 0 forall e = e;

Which is a contradiction to our assumption that w, is a nQs) A3(aeAke)+qef(We—ﬁ) —

oscillatory

Hence our assumption is wrong, therefore equation (1) is
oscillatory

This completes the proof.

Theorem 2 The solution of (1) is non oscillatory, if the
following assumption (Hs), (Hs) and (Hg) holds then
Teo = _V;L + Z%:eo T‘r%

Proof: Let w, be the non oscillatory solution of (1).
Without losing the generality, assume w, > 0.

Let ko = we — peWe-q

A(a Ak,) + qef(We—,B) =0

A% (aphky) = —qof (We-p) < 0

That is A3(a.Ak,) < Oforalle > ¢,

Then {k.},{Ak,.}, A(a.Ak,) and A2(a,Ak,) are monotonous and

actually lead to one symbol.
Claim that A?(a,Ak,) > 0
Assume the contrary A%(a,Ak,) < Oforalle >e, > ¢,

Since A%(a,Ak,) is decreasing and exist a positive constant

c;>0and e3>e,

A%(a,Ak,) < —c, forall e > e,

Taking Summation from e; to (e — 1), we get
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A (acAk,) < A(ag,Ak,,) — ci(e —e3) Since t, » —oase — ©
Which is the contradiction t, > 0
Thatis A (a,Ak,) > —x as e > Hence the proof.

A (a.Ak,) <A (ae4Ake4) < 0, there exist a Theorem 4 Every solution of (1) is oscillatory if the
. conditions (H,)(H-) and (Hg) hold, where K, = w, — poW,_
positive constant c, > 0 and e, > e3
Proof: Assume the contrary that the solution of {w,} is non-

A(aehke) < —c, foralle > e, oscillatory of (1)
Taking Summation from e, to (e — 1), we get w, is equal to k,
A (a.Ak,) < A (ae4Ake4) —cy(e—ey) Without losing the generality, assume w, > 0 ie) k. > 0 for all
e=e

Thatis A (a,Ak,) > —x ase - o A%(a Ak,) + qewe—p =0

a,Ak, < a, Ak, <0, there exist a non-negative constant c; > 0
erre T s 9 3 A3(apAk,) = —qewe_p < 0fore >e;

and e; = e,
3
aAk, < —c; foralle > eg Show that A*(a.Ak,) > 0
1 Suppose the contrary A3(a,Ak,) < 0,e > e, > ¢e;
Ak, < —c3—
¢ *a, Since A3(a,Ak,) is decreasing, there exist ¢; > 0 and e; > e,
Taking Summation from es to (e — 1), we get A3(a,Ak,) < —c; fore =e;
= 1 Summing the above inequality frome; toe — 1
ke <k, —c3 Z —
=, dn A*(apBk,) < A%*(ag,Dke,) — c1(e — e3)
Thatis k, > — ase - « That is A?(a,Ak,) > — ase — x
This contradicts to the fact that k., is positive. A%(a,Ak,) is decreasing there exist c, > 0 and e, = e
Then A%(a,Ak,) > 0 A%(a.Ak,) < —c, for e>e,
(6) Lett, = 2.~ A2(a,Ak,) > 0 Summing the last inequality from e, toe — 1
We-g
t, A (acAk,) < A(ag,Bke,) —c2(e — e4)
— = A%(a,Ak,) )
Ye We-p Thatis A (a,Ak,) » —w as e » ©

A (a.Ak,) is decreasing there exist c; > 0 and es > e,

Bte = B2(@ir s )A (25 ) + 25 4%(a,0k,)

“f “f A (a.Ak,) < —cg forall e > e

_ A%(acke)
We-p

From (5) and (Ho), we get g, = Summing the last inequality from es to e — 1

ke+1A3’e - YEke+1 aeAke < aesAkes —C3 (e - es)

At, = k. k AZ(ae+1Ake+1) — YVede
e+t1te+2 Thatis a,Ak, » —oas e - ©
at, = 2 Yellkerr 1 Ak, is ing th ist c, > 0 and eg >
t, = y tosr _kZ—A (ps18kps1) = VeGe a.Ak, is decreasing there exist c, and eg = e
+1
‘ erz a.Ak, < —c, foralle > eq
Take
e-1 Ak < 1
< —cp—
acAk, = ap Ak, + Z A(apAk,) = (e — 1 —e)A(a.Ak,) € *a,
n=e, Summing the last inequality from e, to e — 1
Aey18kerq = ae1+1Ake1+1 + Z“ral;}zl A(asy18ksyr) = (e — = &S
e1)A(ae418ke 1) Z A (anbhn) < = Z Ca
1 n=eg s=eq
A(aps1Dkerq) = A(ae1+1Ake1+1) + Z%:el A(ag410kgi1) = e—1
— ey)A? Ak
(e — e)A%*(ags18keyy) ke < ko, — C4 -
ae+1Ake+1 = (e - el)Az(ae+1Ake+1) s=eg €
_ Aye _(e—e)?ye 2 Thatis k, > —o ase —» o
(7) At = =Yeqe + Yoo O T agiyz,, fert This contradicts that k, is positive.
(Ay,)%a Hence our assumption is wrong.
At, = — (J/eqe - M) Thus the solution of equation (1) is oscillatory.
4y,(e —e)?

Example Consider the fourth order nonlinear neutral delay
difference equation.

(8)

Taking summation from e, to e — 1, we get

e-1 A3 (A, AWy — PeWe—o)
t<t_z<y_(Aye)2ae+1> (aeA(we = pewe—)
CT L\ dy(e—e)? 1663 + 96e2 + 240e + 208

n=e; + e _3 We_3 = 0
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Where w, = e(—1)%,a, =e,P, =e?,a =1, =3, forall e > 3,

da. = 16e3+96e%+240e+208
and q, = ez

Equation (8) satisfies all the condition of the theorem (1).

Hence all its solution are oscillatory one such solution is e(—1)¢.

Conclusion

In this paper, new oscillation criteria for the fourth order
neutral delay difference equation are created using
summation average techniques and the comparison
principle. The goal of this research is to create some novel
criteria for fourth order oscillatory neutral delay difference
equation. So that we can use them if the other criteria don't
work. We plan to expand these findings to higher order
neutral delay difference equations in the future.
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