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AGH University
doi:10.15199/48.2023.07.22

Numerical properties of discrete approximations of an
elementary fractional order transfer function

Abstract. The paper deals with the analysis of basic numerical properties of discrete approximations of the elementary fractional order, inertial transfer
function. The considered transfer function is approximated with the use of two most typical approaches. The first one uses Continuous Fraction Expan-
sion (CFE) approximation, the next one employes the Fractional Order Backward Difference (FOBD) approximation, based on the Grünwald-Letnikov
(GL) definition of fractional operator. Elementary properties of both approximants: accuracy and duration of calculations are numerically analysed
using PC and MATLAB. Publications in this field are not known to the author.
Results of numerical tests point that at the considered software-hardware platform the FOBD approximation assures better accuracy than CFE ap-
proximation with practically the same duration of computation. Next, the speed of computing is determined by the form of source code. Additionally,
the computing of step response with the use of both tested approximations is much faster than the use of analytical solution employing the MATLAB
implementation of Mittag-Leffler function.

Streszczenie. W artykule omówiono podstawowe własności numeryczne dyskretnych aproksymacji elementarnej transmitancji obiektu inercyjnego
niecałkowitego rzędu. Do aproksymacji zastosowano dwie najbardziej typowe metody. Pierwsza z nich bazuje na aproksymacji CFE niskiego rzędu,
druga aproksymacja (FOBD) wykorzystuje definicję operatora ułamkowego podaną przez Grüunwalda i Letnikova. Podstawowe własności obu aproksy-
macji: dokładność i złożoność (w sensie czasu obliczeń) zostały poddane analizie numerycznej z użyciem środowiska MATLAB na typowej platformie
PC. Wcześniejsze publikacje w literaturze z tego zakresu nie są znane autorowi.
Na podstawie wyników testów numerycznych można stwierdzić, że w rozważanym wypadku zastosowanie aproksymacji FOBD zapewnia lepszą
dokładność przy praktycznie tej samej szybkości obliczeń. Stwierdzono też zależność pomiędzy szybkością obliczeń i postacią kodu źródłowego
programu. Dodatkowo zauważono, że zastosowanie każdej z omawianych aproksymacji pozwala na wykonanie obliczeń znacznie szybciej, niż wyko-
rzystanie w tym celu analitycznej formuły na odpowiedź skokową rozważanej transmitancji. Wynika to prawdopodobnie z długiego czasu wyznaczania
funkcji Mittag-Lefflera na platformie MATLAB. (Właściwości numeryczne dyskretnych aproksymacji elementarnej transmitancji ułamkowego
rzędu)
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Introduction
The fractional order calculus is a convenient tool to describe
many complex physical phenomena. Non-integer models
have been presented by many Authors, e.g. by [3], [5], [7],
[8],[20], [21].
FO transfer function is one of most typical models applied to
modeling of different processes and phenomena. A transfer
function can have simple or complex form (see e.g. [6], [11],
[13]). In most situations computations done with the use of
FO transfer functions require to use approximations of basic
FO element sα due to an analytical formulae can be obtained
only for single, particular situations.
The "fractional" analogue of the 1’st order inertial transfer
function 1

Tαs+1 is a typical tool used in FO modeling. It is ap-
plied both in stand-alone form and as a component of more
complex models. Its at each digital platform (PLC, micro-
controller) requires to use of its discrete, finite dimensional
approximation. To do it two alternative approaches are em-
ployed.
The first one directly derives from definition of fractional op-
erator given by Grünwald and Letnikov. It is called Fractional
Order Backward Difference (FOBD) see( e.g. [16]). Its use
requires to apply of high order FIR filter, containing only ze-
ros. The order of this approximation should be relatively high
to assure a good accuracy of approximation.
An alternative way is the use of the Continuous Fraction Ex-
pansion (CFE) approximator (see e.g. [4], [22]). It has the
form of the IIR filter containing both poles and zeros. It is
faster covergent and easier to implement due to its relatively
low order, typically not higher than 5.
Important problem during use of approximated form of each
model there is its accuracy and numerical complexity, esti-
mated for example by duration of computations. It is worth to
note that these properties are relatively rare discussed for FO
models. The basic element sα implemented at PLC platform
is presented in [12], the accuracy of the discrete state-space
model of heat transfer process is analysed in [14].
This paper is devoted to analyze of main numerical proper-

ties of the elementary FO transfer function 1
Tsα+1 expressed

with the use of FOBD and CFE approximators. The accuracy
analysis uses the analytical formula of the step response, the
duration of computations is done for the MATLAB platform.
The most time consuming parts of source code are detected
and modified to accelerate of computations.
The paper is organized as follows. Preliminaries recall some
elementary ideas from fractional calculus as well as both con-
sidered approximation methods. Next the considered trans-
fer function, its step response and discrete approximations
are presented. Finally numerical tests covering the accuracy
and numerical complexity are presented and discussed.

Preliminaries
Basic ideas
Elementary ideas from fractional calculus can be found in
many books, e.g. [5], [9], [16] or [20]. Here only some defini-
tions necessary to present of results will be given.
Firstly recall the fractional-order, integro-differential operator
(see for example [5], [10], [20]):
Definition 1 (The elementary fractional order operator) The
fractional-order integro-differential operator is defined as fol-
lows:

(1) tsD
α
tf
f(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dαf(t)
dtα α > 0

f(t) α = 0
tf∫
ts

f(τ)(dτ)α α < 0

.

where ts and tf denote time limits for operator calculation,
α ∈ R denotes the non integer order of the operation.
Next recall an idea of Mittag-Leffler functions. The two pa-
rameter Mittag-Leffler function is defined as follows:
Definition 2 (The two parameter Mittag-Leffler function)

(2) Eα,β(x) =

∞∑
k=0

xk

Γ(kα+ β)
.
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For β = 1 we obtain the one parameter Mittag-Leffler func-
tion:
Definition 3 The one parameter Mittag-Leffler function

(3) Eα(x) =

∞∑
k=0

xk

Γ(kα+ 1)
.

The fractional-order, integro-differential operator (1) can be
described by different definitions, given by Grünwald and Let-
nikov (GL Definition), Riemann and Liouville (RL Definition)
and Caputo (C Definition). In this paper C and GL definitions
will be employed. The C defintion takes the following form
[10]:
Definition 4 (The Caputo definition of the FO operator)

(4) C
0 D

α
t f(t) =

1

Γ(V − α)

∞∫
0

f (V )(τ)

(t− τ)α+1−V
dτ.

In (4) V is an integer limiter of the non integer order: V −1 ≤
α < V ∈ N. If V = 1 then consequently 0 ≤ α < 1 is
considered and the definition (4) takes the form:

(5) C
0 D

α
t f(t) =

1

Γ(1− α)

∞∫
0

ḟ(τ)

(t− τ)α
dτ.

For the Caputo operator the Laplace transform can be de-
fined [9]:
Definition 5 (The Laplace transform for the Caputo opera-
tor)

L(C0 Dα
t f(t)) = sαF (s), α < 0

L(C0 Dα
t f(t)) = sαF (s)−

v−1∑
k=0

sα−k−1
0D

k
t f(0),

α > 0, v − 1 < α ≤ v ∈ N.

(6)

The GL definition is given e.g. in ([3] or [15]). It is as beneath:
Definition 6 (The Grünwald-Letnikov definition of the FO op-
erator)

(7) GL
0 Dα

t f(t) = lim
h→0

h−α

[ t
h ]∑

l=0

(−1)l
(
α

j

)
f(t− lh).

In (7)
(
α
l

)
is the binomial coefficient:

(8)

(
α

l

)
=

{
1, l = 0

α(α−1)...(α−l+1)
l! , l > 0

}
.

Finally the fractional order transfer function can be defined.
In general it can be expressed as follows:

(9) G(s) =
bmsβm + ...+ b1s

β1 + b0
ansαn + ...+ a1sα1 + a0

.

where α and β are fractional orders (commensurate or not
commensurate), a and b are coefficients.
In modeling elementary forms of the general transfer function
(9) are applied. In this paper the following one is considered:

(10) G(s) =
1

Tαsα + 1
.

Table 1. Coefficients of CFE polynomials CFEN,D(z−1, α) for
Tustin approximation [4]

Order M wm vm
M=1 w1 = −α v1 = α

w0 = 1 v0 = 1

M=3 w3 = −α
3

v3 = α
3

w2 = α2

3
v2 = α2

3
w1 = −α v1 = α
w0 = 1 v0 = 1

M=5 w5 = −α
5

v5 = α
5

w4 = α2

5
v4 = α2

5

w3 = −
(

α
5
+ 2α3

35

)
v3 = −

(
−α
5

+ −2α3

35

)

w2 = 2α2

5
v2 = 2α2

5
w1 = −α v1 = α
w0 = 1 v0 = 1

The useful advantage of the elementary transfer function (10)
is that the analytical formula of step response is known. It is
as follows (see e.g. [3], p. 11):

(11) yan(t) =

(
1(t)− Eα

(
− t

Tα

))
.

In (11) Eα(..) is the one parameter Mittag-Leffler function (3).
The formula (11) will be used as the reference to estimate of
an accuracy of tested discrere approximations.
An implementation of operator (1) at each digital platform
(PLC, microcontroller) requires to apply integer-order finite-
length discrete-time approximators mentioned in the intro-
duction. Both approximators are presented in the next sub-
sections.
The CFE approximation
The basic FO element sα can be approximated using the
generating function s ≈ ω(z−1). The new operator raised
to the power α has the form of discrete transfer function of
z−1 (see for example [4], [17] p.119):
(12)(

ω(z−1)
)α

=
(
1+a
h

)α
CFE{

(
1−z−1

1+az−1

)α

}M,M =

= PαM (z−1)
QαM (z−1) =

(
1+a
h

)α CFEN (z−1,α)
CFED(z−1,α) =

=

M∑

m=0
wmz−m

M∑
m=0

vmz−m = NCFE(z−1)

DCFE(z−1) .

.

where h denotes the sampling time and M is the order of
approximation. Numerical values of coefficients wm and vm
and various values of the parameter a can be computed us-
ing e.g. the MATLAB function given in [19].
In Eqn. (12) a is the coefficient depending on an approxima-
tion type. For a = 0 and a = 1 we obtain the Euler and Tustin
approximations, respectively. For a ∈ (0, 1) we arrive at the
Al-Alaoui-based approximation, which is a linear combination
of the Euler and Tustin approaches. Note that in this case the
parameter a in Eqn. (12) is equal to a = 1−β

1+β , with β being
the Al-Alaoui weighting coefficient (see [1, 22]). This param-
eter can be also employed in particular situations to improve
an accuracy of an approximation.
If the Tustin approximation is considered (a=1) then
CFED(z−1, α) = CFEN (z−1,−α) and the polynomial
CFED(z−1, α) can be given in the direct form (see [4]). Ex-
amples for the polynomial CFED(z−1, α) for M = 1, 3, 5
are given in Table 1. The detailed analysis of various forms
of the CFE approximators has been given in [22].
The Fractional Order Backward Difference
The GL definition (7) is the limit case for h → 0 of the Frac-
tional Order Backward Difference (FOBD), commonly em-
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ployed in discrete FO calculations (see for example [16], p.
68).
Definition 7 (The Fractional Order Backward Difference-
FOBD)

(13) (Δαx)(t) =
1

hα

L∑
l=0

dlx(t− lh).

where:

(14) dl = (−1)l
(
α

l

)
.

Numerical values of coefficients dl and various values of the
parameters α and memory length L can be computed using
e.g. the MATLAB function given in [18]. They can be also
computed recursively using the following formula (see e.g.
[3], p. 12 ):

d0 = 1

dl =

(
1− 1 + α

l

)
dl−1, l = 1, ..., L.

(15)

It is proven in [2] that:

(16)
∞∑
l=1

dl = 1− α.

From (15) and (16) we obtain at once that:

(17)
∞∑
l=2

dl = 1.

In (13) L denotes a memory length necessary to correct ap-
proximation of a non integer order operator. Unfortunately
good accuacy of PSE approximation requires to use a long
memory L what can make difficulties in implementation.
The z−1 transform of FOBD takes the following form:
(18)

Z{(Δαx)(kh)} =
1

hα

L∑
l=0

dlz
−lX(k), k = 0, 1, 2, ...

In (18) k denotes discrete time instants. Consequently the
discrete transfer function of basic element sα using FOBD is
as follows:

(19) NFOBD(z−1) =
1

hα

L∑
l=0

dlz
−l.

The approximations of the considered transfer function
The use of (12) or (19) to transfer function (10) allows to ob-
tain its finite dimensional, integer order approximations. The
use of CFE approximation yields:

(20) GCFE(z
−1) =

M∑
m=0

vmz−m

M∑
m=0

(Tαghwm + vm)z−m

.

where vm, wm and gh are coefficients of the CFE approxi-
mation (12) and M is the order of approximation. The step
response of the approximated transfer function (20) is as fol-
lows:

(21) yCFE(k) = Z−1{ 1

1− z−1
GCFE(z

−1)}.

Analogically, using (19) gives:

(22) GFOBD(z−1) =
1

Tα

h

L∑
l=0

dlz−l + 1

.

In (22) dl are coefficients (14), (15), L is the memory length.
Analogically the step response of the transfer function is:

(23) yFOBD(k) = Z−1{ 1

1− z−1
GFOBD(z−1)}.

Both step responses (21) and (23) can be computed using
MATLAB function step.

Numerical tests
Accuracy
The accuracy of both considered approximations was tested
using known Integral Absolute Error (IAE) cost function:

(24) IAE = h
K∑

k=0

|yCFE,FOBD(k)− yan(k)| .

where k = 0, ...,K is the index of time instant, h is the sam-
ple time, yCFE,FOBD and yan are step responses approxi-
mated and analytical respectively. Tests of accuracy for both
approximations are described by tables 2, 3 and illustrated by
exepmplary figures 1-3.

Table 2. The cost function IAE for CFE approximation, order M = 5
and different fractional orders α and parameter a.

a ↓ α → 0.25 0.50 0.75
0.00 0.5466 1.1009 1.1702
0.78 0.9349 1.9843 2.3270
1.00 1.0188 2.1794 2.6100

Table 3. The cost function IAE for FOBD approximation, different
orders α and memory lengths L.

L ↓ α → 0.25 0.50 0.75
100 0.1217 0.1512 0.1175
150 0.0353 0.0444 0.0520
200 0.0227 0.0355 0.0486
250 0.0227 0.0355 0.0486
300 0.0227 0.0355 0.0486
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Fig. 1. Analytical step response vs CFE and FOBD approximations
for α = 0.25, T = 5[s], a = 0, L = 100.
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Fig. 2. Analytical step response vs CFE and FOBD approximations
for α = 0.50, T = 5[s], a = 0, L = 150.
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Fig. 3. Analytical step response vs CFE and FOBD approximations
for α = 0.75, T = 5[s], a = 0, L = 200.

From tables 2, 3 and figures 1-3 it can be concluded that
the use of the FOBD approximation in each situation assures
much better accuracy than the use of CFE method.
However an application of FOBD method requires to apply a
high order transfer function. This makes the duration of cal-
culations more longer than use of CFE.
Duration of computations
The parameters of the PC computer employed to experi-
ments are collected in the table 4. The duration of compu-
tations with the use of both approximations and analytical so-
lution at MATLAB was investigated using MATLAB tic and toc
functions. The duration of computing of approximated step
responses (21), (23) and analytical solution (11) were done
for: α = 0.5, Tα = 5[s], M = 5, and different values of coef-
ficient a (CFE) and order L (FOBD). The sigle step response
(21), (23) and (11) was tested using the following sequences
of instructions:
%Approximation CFE:
start_CFE=tic;
M=5; %order CFE
a=1; %0.0 - Euler, 0.78-Al Aloui, 1.0 - Tustin
sysCFE=dfod1(M,h,a,alfa); %_KOp
sysFO1=1/(Talfa*sysCFE+1);
yCFE=step(sysFO1,t);

Table 4. The parameters of the PC computer used to experiments.
Parameter
Processor Intel(R) Core(TM) i5-8600K CPU @ 3.60GHz

RAM 16 GB
OS Windows 10 Pro

MATLAB R2016b

Table 5. The mean of execution time for CFE approximation, order
M = 5, α = 0.5 and different values of parameter a.

a 0.00 0.78 1.00
Duration [s] 0.0130 0.0128 0.0129

Table 6. The mean of execution time for FOBD approximation, α =
0.5 and different values of order L.

L 100 150 200 250 300
Duration [s] 0.0124 0.0122 0.0123 0.0122 0.0122

t_CFE=toc(start_CFE);
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%Approximation FOBD:
start_PSE=tic;
L=200;
sysPSE=dfod2(L,h,alfa);
sysFO2=1/(Talfa*sysPSE+1);
yPSE=step(sysFO2,t);
t_PSE=toc(start_PSE);
%%%%%%%%%%%%%%
%Analytical formula of the step response:
start_an=tic;
y_an=(1-ml(((-t.^alfa)/Talfa),alfa));
t_an=toc(start_an);

Fig. 4. Histograms of duration of computing of step response using
CFE, FOBD and analytical formula for: α = 0.5, Tα = 5[s], a = 1.0
and L = 200.

As the experiment 100 tests were executed. Results are
illustrated by histograms 4, mean values of computations for
different values of a coefficient and order L are described by
tables 5 and 6.
They allow to formulate little bit surprising conclusions. The
duration of calculations using both approximations is practi-
cally the same, but more longer is computing of the analytical
response (11). Next, in the case of FOBD the duration prac-
tically does not depend on memory length L. This requires
to make more detailed tests of complexity. Such tests as well
as suitable modifications of the source code are presented in
the next subsection.
Improving of the execution times
Detailed tests of numerical complexity can be executed using
MATLAB function profile. Its use makes computations much
more longer, but it detects most time consuming lines of a
program code. In our case the use of profile is as beneath:
profile clear;
profile on;
M=5; %order CFE
a=.0; %0 - Euler, .78-Al Aloui,
% 1 - Tustin
sysCFE=dfod1(M,h,a,alfa); %_KOp
sysFO1=1/(Talfa*sysCFE+1);
yCFE=step(sysFO1,t);

120 PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 99 NR 7/2023



profile viewer;
profile clear;

profile clear;
profile on;
L=200;
sysPSE=dfod2(L,h,alfa);
sysFO2=1/(Talfa*sysPSE+1);
yPSE=step(sysFO2,t);
profile viewer;
profile clear;
profile clear;
profile on;
y_an=(1-ml(((-t.^alfa)/Talfa),alfa));
profile viewer;
profile clear;

Results of execution of the profile function are illustrated by
screenshots 5, 6 and 7.

Fig. 5. Analysis of numerical complexity for FOBD approximation
and L = 200.

Fig. 6. Analysis of numerical complexity for CFE approximation,
M = 5, a = 1 (Tustin).

Fig. 7. Analysis of numerical complexity of the analytical solution.

From screenshots 5 and 6 it can be concluded that the

most time consuming operation is the direct assignment of
the tested transfer function using direct form of the transfer
function obtained from functions dfod1 and dfod2. There are
lines no 19 in 6 and no 34 in 5.
In order to shorten the execution time of this operation, the
source code was modified as follows. Firstly the functions
dfod1 and dfod2 have been modified in such a way that they
do not return the entire transfer function (12) or (18), but vec-
tors containing parameters of this transfer function. Next,
the approximated transfer function (20) or (22) has been ex-
pressed using these vectors. This is written as the following
sequence of instructions:
%Approximation CFE:
start_CFE=tic;
M=5; %Order CFE
%a=0; %0.0 - Euler, 0.78-Al Aloui,
%1.0 - Tustin
[nCFE,dCFE]=dfod1_KOp(M,h,a,alfa); %_KOp
sysFO1=tf (dCFE,[Talfa*nCFE+dCFE],h,
’variable’,’z^-1’);
yCFE=step(sysFO1,t);
t_CFE=toc(start_CFE);
%Approximation FOBD:
start_PSE=tic;
nPSE=dfod2_KOp(L,h,alfa);
sysPSE=tf([1],[Talfa*nPSE+1],h,
’variable’,’z^-1’);
yPSE=step(sysPSE,t);
t_PSE=toc(start_PSE);
Next the above instructions has been tested using tic, toc
andprofile instructions, analogically as previously. Results
are illustrated by tables 7 and 8, histograms (8) and screen-
shots 10 and 9.

Table 7. The mean of execution time for modified CFE approxima-
tion, order M = 5, α = 0.5 and different values of parameter a.

a 0.00 0.78 1.00
Duration [s] 0.0017 0.0016 0.0016

Table 8. The mean of execution time for modified FOBD approxima-
tion, α = 0.5 and different values of order L.

L 100 150 200 250 300
Duration [s] 0.0021 0.0021 0.0021 0.0021 0.0021

Fig. 8. Histograms of duration of computing of step response using
modified CFE and FOBD approximations for: α = 0.5, Tα = 5[s],
a = 1.0 and L = 200.
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Fig. 9. Analysis of numerical complexity for modified FOBD approx-
imation and L = 200.

Fig. 10. Analysis of numerical complexity for modified CFE approxi-
mation, M = 5, a = 1 (Tustin).

Analysis of tables 5 vs 7 and 6 vs 8 allows to conclude
that the proposed modification of the source code allows to
shorten the duration of computations 6 to 8 times in compar-
ing to the first version of source code, although the defining
of transfer function is still being the longest operation.
Next, the modified CFE approximation is slightly faster than
modified FOBD approximation. This is as expected, however
the difference is small.
Finally it can be noted that the longest operation is the com-
puting of the step response using the analytical formula (11).
This is caused probably by the long calculation of the Mittag-
Leffler function.

Conclusions
The main final conclusion is that the use of FOBD approxima-
tion is the best idea during implementation of the considered,
elementary FO transfer function at MATLAB platform. Its use
assures better accuracy than CFE with comparable duration
of computations. Next, calculations can be accelerated by
appropriate preparation of the source code.
The area of further investigations associated to the presented
issue covers e.g. tests of accuracy and numerical complexity
at industrial platform, e.g. PLC.

Author: Ph D., D. Sc. Krzysztof Oprzędkiewicz, Dept of Au-
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[12] K. Oprzędkiewicz, E. Gawin, and T. Gawin. Real-time plc imple-
mentations of fractional order operator. In Automation 2018 : in-
novations in automation, robotics and measurment techniques
: 21-23 March, Warsaw, Poland, pages 36–51, 2018.
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