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Introduction
In numerical calculations, particularly involving 

magnetic field distributions in electrical steel sheets, 
an approximation H = f(B) of the inverse hysteresis 
loop is frequently applied. This refers to cases of mag-
netic field distribution analysis, where the quantity 
sought is the vector potential A, which is used to de-
termine the flux density vector B based on the rela-
tionship B=rot(A). Based on assumptions of the well-
known hysteresis models such as the Preisach model 
and the Jiles-Atherton model, different models of the 
inverse hysteresis loop have been formulated [1-8]. 
However, these models concern the “classical” shape 
of the hysteresis loop.

The hysteresis loops of the transformer steel sheets 
for magnetization directions close to the rolling di-
rection are similar to the “classical” hysteresis shape. 
However, the shape of the hysteresis loop changes sig-

nificantly if the magnetization direction is closer to the 
transverse direction (Fig. 1).

In the analysis of changes in the field strength it is 
important to describe the curves of the limiting hys-
teresis loop in a relatively simple way. However, there 
are no simple analytical functions that could be used to 
approximate the curves of the limiting hysteresis loops 
for magnetization angles greater than 45º. The shape 
of these hysteresis loops is related to the change in the 
domain structure; domains which create 180-degree 
walls are rebuilt into domains which form the 90-de-
gree walls [9].

Approximation principles of the 
inverse limiting hysteresis loop

The basic issue is to describe the curves of the in-
verse limiting hysteresis loop; all changes in the field 
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strength as a dependence on the flux density must be 
contained in the limiting hysteresis loop. The curves 
of the limiting hysteresis loop can be often approxi-
mated by functions tg(B), if the approximation con-
cerns the “classical” shape of the hysteresis loop deter-
mined for the rolling direction of the transformer sheet 
[10]. However, for magnetization directions closer to 
the transverse direction, the shape of hysteresis loops 
differs significantly from the “classical” shape of mag-
netic hysteresis (Fig. 1). So far, no relatively simple 
methods have been proposed for approximating the 
curves of the inverse limiting hysteresis loop for mag-
netization directions that differ significantly from the 
rolling directions.

If the approximation of the inverse limiting hyster-
esis loops is known, any changes in the field strength 
can be described in the following way. Any point P 
with coordinates (B0,H0) inside the inverse limiting 
hysteresis loop moves along a certain trajectory to the 
bottom or upper limiting curve depending on changes 
in the flux density B (Fig. 2).

When the flux density increases, then changes in 
the field strength can be written as follows [11, 12]:

(1)	 0( ) ( ) [- ( )]r u r HrH B H B H exp k B B= − ∆ −

where: 
Hu(B) − the upper curve of the limiting hysteresis loop, 
ΔHr = Hu(B0)−H0.

For decreasing values ​​of the flux density B, chang-
es in the field strength can be written as:

(2)	 0( ) ( ) [ ( )]d b d HdH B H B H exp k B B= + ∆ −

where: 
Hb(B) − the lower curve of the limiting hysteresis loop, 
ΔHd = H0−Hb(B0).

Fig. 2. Inverse hysteresis loop

The parameters kHr and kHd can be treated as “atten-
uation” coefficients of the transient components of the 
field strength. In general case, these coefficients are 
functions of the magnetic flux density. However, nu-
merical calculations performed for various flux densi-
ty changes have shown that the coefficients kHr and kHd 
can have a specified, constant value. This significantly 
simplifies the algorithm for determining the changes 
in the field strength as a function of the flux density. 
This is important, if the inverse model of the limit-
ing hysteresis loop is to be included in a large num-
ber of elementary segments of the magnetic field area 
division. The detailed method of determining the pa-
rameters of the approximation of changes in the field 
strength is presented in [11,12].

Approximation of inverse limiting 
hysteresis loop

The upper and bottom curves Hu = f(B) and Hb = f(B) 
of the limiting hysteresis loop can be written as the 
sum of two functions, respectively:

(3)	 ( ) (1.57 / ) ( )u H sat H H cH B b tg B B a arctg w B H= + +

(4)	 ( ) (1.57 / ) ( )b H sat H H cH B b tg B B a arctg w B H= + −

where: bH, aH and wH – parameters of the approximating 
functions, Bsat – saturation flux density, Hc – coercive force.

Fig. 1. Inverse loops H=f(B) of transformer sheet type M120-27S
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Figure 3 shows as an example of approximation 
functions and curves of the inverse limiting hystere-
sis loop.

Fig. 3. Approximating functions and inverse limiting hysteresis loop

The saturation flux density Bsat and the coercive 
force Hc for the given magnetization direction are di-
rectly determined from measurements. The parameter 
aH affects the distance between the curves of the limit-
ing hysteresis loop along the axis of the field strength. 
The value of this parameter can be estimated by taking 
into account the distance HD (Fig. 3) between the axis 
of the flux density and the point D on the upper curve 
Hu(B) of the limiting hysteresis loop determined by 
measurement. At this point the range of rapid changes 
in the field strength ends for a relatively small change 
in the flux density, and the function arctg(B) tends to 
a maximum value equaled 1.57aH. The function tg(B) 
has values ​​close to zero for small values ​​of the flux 
density B. So, the value of the parameter aH can be de-
termined as:

(5)	
1.57
D c

H
H H

a
−

≅

The second parameter wH in the arctg function af-
fects the rate of changes in the field strength close to 
zero. The higher the value of wH, the faster the field 
strength values change. Approximately, this parameter 
is related to the derivative dH/dB of the change in the 
field strength with respect to the flux density, where 
this derivative is determined based on the measured 
limiting hysteresis loop. The derivative of the second 
component of the relationship (3) or (4) for B=0 is 
equal to aHwH. This derivative must satisfy the follow-
ing condition:

(6)	 for  =0H H
dHa w B
dB

=

The last relationship allows to determine the pa-
rameter wH for the previously estimated value aH.

The curves of the limiting hysteresis loop must 
contain the point (̶ Br,0) or (Br,0) where Br denotes the 
remanence flux density. For the bottom curve the fol-
lowing relation can be written:

(7)	 (1.57 / ) ( ) 0H r sat H H r cb tg B B a arctg w B H+ − =

The analogous relationship is obtained for the up-
per curve Hu=f(B) and the point (̶ Br,0). Knowing aH 
and wH the parameters bH can be determined as fol-
lows:

(8)	 ( )
(1.57 / )

c H H r
H

r sat

H a arctg w B
b

tg B B
−

=

It should be emphasized that all parameters of the 
functions approximating the curves of the inverse lim-
iting hysteresis loop depend on the magnetization di-
rection.

Examples of inverse hysteresis loops
The inverse hysteresis loops were determined for 

the transformer sheet type M120-27S and for several 
magnetization angles. The parameters of the curves of 
the limiting hysteresis loop for several magnetization 
directions are presented in Table 1, and the depend-
ence of the parameter aH on the magnetization direc-
tion is also shown in Figure 4.
Table 1. Parameters of measured hysteresis loops and parameters of 
approximating functions for several magnetization directions

Bsat

[T]
Hc

[A/m]
Br

[T]
aH

[A/m]
wH

[1/T]
bH

[A/m]

15° 1.79 14 1.51 1 5.17 3.53

30° 1.63 20 0.58 4 8.05 23.29

45° 1.38 25 0.40 8 11.25 28.98

60° 1.22 30 0.15 25 8.52 37.49

75° 1.36 50 0.12 55 8.47 45.52

90° 1.36 55 0.07 85 10.51 12.94

Figures 5 to 9 show the inverse limiting hysteresis 
loops for different magnetization directions. The con-
tinuous lines represent loops calculated using approxi-
mating functions, while the dashed lines refer to loops 
determined by measurements.

The calculated inverse limiting hysteresis loops 
are marked in red and blue refers to minor hystere-
sis loops, that were determined as described in [12]. 
For the magnetization angles for which the limiting 
hysteresis loop was not determined by measurements, 
values of the Bsat, Br and Hc ​​and parameters of the 
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approximating functions should be determined based 
on an interpolation.

Approximation error analysis
When approximating the limiting hysteresis loops 

using simple analytical functions as tg and arctg, cer-
tain differences between the loops calculated and those 
determined by measurement occur, especially for hys-
teresis loops for magnetization angles greater than 45º.

The most sensitive in terms of selection is the pa-
rameter aH. Figure 10 shows the limiting hystere-
sis loops for the angle 75o determined for the param-
eter aH from Table 1 and the hysteresis loops for aH 
increased and decreased by 10 A/m.

Significant discrepancies between hysteresis loops 
occur in the range where the flux density reaches val-
ues​​close to the saturation flux density. In order to de-
termine the accuracy of the approximation of the 
measured hysteresis loop, differences between the cal-
culated and measured values were determined using 
the least squares method. In the considered case, this 

error equals 32 A/m, 15 A/m and 20 A/m for aH = 50, 
60 and 70 A/m, respectively.

Conclusions
The inverse limiting hysteresis loops can be ap-

proximated by two simple trigonometric functions, 
that directly relate the magnetic field strength to the 

Fig. 4. Dependence of the parameter aH on the magnetization direction

Fig. 5. Inverse hysteresis loops for magnetization angle 30º: contin-
uous lines – calculated loops, dashed lines – hysteresis loops deter-
mined by measurement, red color – calculated inverse limiting hyster-
esis loop, blue color – inverse minor hysteresis loop.

Fig. 6. Inverse hysteresis loops for magnetization angle 45º: loop mark-
ings as in Figure 5

Fig. 7. Inverse hysteresis loops for magnetization angle 60º: loop mark-
ings as in Figure 5

Fig. 8. Inverse hysteresis loops for magnetization angle 75º: loop mark-
ings as in Figure 5
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flux density. It allows to easily eliminate the field 
strength in equations of the magnetic field distribution. 
The parameters of the approximating functions are de-
termined on the basis of measured limiting hysteresis 
loops for several selected magnetization directions.

It is advisable to perform an error analysis before 
selecting the aH parameter value. This is important if 
changes in the flux density and field strength occur in 
the range close to the saturation state.

The proposed approximation method of the inverse 
limiting hysteresis loop can be used in calculations of 
the magnetic field in the areas of connections between 
columns and yokes of three-phase transformer cores. 
In these areas the magnetization direction is often dif-
ferent from the rolling direction.
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Fig. 9. Inverse hysteresis loops for magnetization angle 90º: loop mark-
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