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Introduction
Among the variety of electromagnetic systems, 

a large class is made up of electromagnetic systems, 
the design of which is based on the shell-type electro-
magnetic system shown.

A characteristic feature of this system consists in 
the plane-parallel nature of its magnetic field, which 
allows the distribution of the magnetic field to be con-
sidered as two-dimensional (Fig. 1).

The calculation of such a distribution outside the 
magnetic circuit in the outer domain of the electro-
magnet can be carried out by the method of confor-
mal mapping, since in this case it is possible to use 
the known conformal mapping of the outer domain of 
a certain rectangle onto the upper half-plane [1, 2]. In 
our case, such a rectangle is the outer boundary of the 
electromagnet.

The purpose of this paper is to obtain analytical ex-
pressions for calculating the field intensity at any point 
in the external domain and the total permeance of the 

magnetic flux from the outer surface of the considered 
electromagnet, using conformal mapping and specify-
ing boundary conditions that correspond to the adopt-
ed plane-parallel design diagram of the magnetic sys-
tem (Fig. 1). The advantage of analytical expressions 
for subsequent practical calculations is widely known.

Boundary conditions
We assume, as is usually done when calculating 

electromagnets, that the outer surface of the magnet-
ic circuit is equipotential. Moreover, in the considered 
case there are two equipotential surfaces of different 
polarity (Fig. 2, a): z z z zF A D H  – equipotential surface, 
which is considered positive; z z z zE B C G  – equipoten-
tial surface, which is conditionally considered nega-
tive. Here it should be noted that the sign of the sur-
face potential depends on the direction of the current 
in the magnetization winding. It is also assumed that 
the lines corresponding to the outer surfaces between 
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the poles (lines z zE F  and z zG H  in Fig. 2, а) are the 
magnetic lines of force, which is the traditional as-
sumption for such electromagnetic systems.

Thus, there is a system of two symmetrical C-
shaped poles, the difference in magnetic potentials be-
tween which is taken to be equal to 0U .

The magnetic field in the outer domain of such 
a system is calculated by the conformal mapping 
method. The symmetry of the system is taken into ac-
count for this purpose. This makes it possible to first 
perform a conformal mapping of its outer domain (the 
domain outside the rectangle z z z zA B C D  in Fig. 2, а) 
to the upper half-plane with the correspondence of the 
boundary points shown in Fig. 2, b (the correspond-
ing points of the boundary have the same designation 
with a subscript corresponding to the designation of 
the plane, which is given in the circle, Fig. 2).

As a result, we obtain a system of two symmetrical 
plates of different polarity (Fig. 2, b).

Next, we map the domain above these two plates 
onto the domain of the uniform field, which can be 
done by mapping it onto the interior domain of a rec-
tangle whose vertices must correspond to the extreme 
points of the specified system of two plates.

The function of conformal mapping 
of the original domain onto the upper 
half-plane

So, let us find the function of conformal mapping of 
the outer domain z  of rectangle z z z zA B C D  (Fig. 2, а) 
onto the upper half-plane t  (Fig. 2, b).

This function is determined by the well-known 
Christoffel-Schwarz equation, since the boundary of 
the mapped domain is a polygon. In this case, the or-
igin of the coordinates of domain z  is placed in the 
center of rectangle z z z zA B C D  (Fig. 2, а) to simplify 
the form of writing the Christoffel-Schwarz equation.

а)

b)

Fig. 2. A design diagram (a) of symmetrical C-shaped poles and corre-
spondence of their boundary points at conformal mapping of the ex-
ternal calculation domain onto the upper half-plane (b)

Then, according to the accepted correspondence 
of boundary points (Fig. 2), the Christoffel-Schwarz 
equation can be written in the considered case as

(1)	
( )( )( )( )

( )22 1

t t t tt A t B t C t Ddz S
dt t

− − − −
=

+

where S  – some mapping constant.
Next, we take into account that in the mapped do-

main (upper half-plane, Fig. 2, b) the symmetry of the 
boundary points is preserved: t tA B= −  and t tD C= − .

Let us also take into consideration that, according 
to [1], the following relation holds: 1/t tC A= − .

Then, after replacing variable t  by variable

(2)	 2 ( )arctg tτ = ⋅ − ,

from (1) one can obtain by appropriate integration the con-
formal mapping function ( )z f= τ , which, depending on 
the form of the integration constant, can be written in dif-
ferent ways.

We write down the specified function ( )z f= τ  of 
conformal mapping as

Fig. 1. A designed diagram of the magnetic system of an shell-type 
electromagnet with external air gaps between the poles
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From here on 1L , 2L  – the overall dimensions of 
the displayed system in terms of the width and height 

of the poles, respectively (Figs. 1, 2); ( )K k , ( )E k  

and ( )K k′ , ( )E k′  – complete elliptic integrals of the 
first and second kind with moduli, respectively, k  and 

21k k′ = − , where

(4)	 ( )sink = α ,

and α  – the coordinate of point tB  (Fig. 2,b), expressed 
through a new variable according to relation (2) as

(5)	 ( )2 tarctg Bα = ⋅ − ;

na  – the coefficients of the series defined by the following 
recurrence relation

(6)	( ) ( ) ( ) ( )1 11 2 1 cos 2 2n n nn a n a n a+ −+ ⋅ = − ⋅ α ⋅ − − ⋅ ,

for which the terms with zero and one indices are equal, re-
spectively 10 =a  and ( )α2cos1 −=a .

The ability to determine module k  based on known 
overall dimensions is essential in this case. 1L and 2L  
of the mapped pole system as a result of solving the 
following transcendental equation [1]

(7)	 ( ) ( ) ( )
( ) ( )
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′−
=

′ ′−
,

which, taking into account (4), allows determining param-
eter α  as

(8)	 ( )arcsin kα = .

Determining the size of the plate-pole 
system

We use the obtained mapping function (3) to de-
termine the coordinates of points tE , tF , tG  and tH  
according to the known coordinates of the points cor-
responding to them zE , zF , zG  and zH  (Fig. 2). In 
this case, we take into account that, due to the adopted 
symmetry of the mapping of the corresponding points 

of domains z  and t , it is enough for the given coordi-
nates of the points zF  and zH  in domain z to find coor-
dinates tF  and tH  in domain t . Then the coordinates 
of points tE  and tG , due to the indicated symmetry, 
are defined as:

(9)	 }t t
t t

E F
G H

= −
= −

As for the coordinates of points tF  and tH  in do-
main t , using the record of coordinates of the corre-
sponding points in domain z  (Fig. 2, а)

2
2 2z
LF j δ

= + ⋅  и 2
2 2z
L

H j δ
= − + ⋅ ,

for real numbers of the form

2 ( )F tarctg Fτ = ⋅ −  и 2 ( )H tarctg Hτ = ⋅ − ,

written according to (2), we can obtain from the conformal 
mapping equation (3) the following transcendental equation

(10)	
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which has the same form for Fτ  and Hτ , which is reflect-
ed in the form of writing this equation.

According to the performed analysis, Fτ and Hτ , 
as solutions to equation (10), are related to each other 
by a simple relationship

(11)	 H Fτ = π− τ ,

meaning that, when solving equation (10), it is sufficient to 
find one of the roots of this equation, for example Fτ , and 
then use relation (11), which, according to (2), allows deter-
mining the coordinates of points tF  and tH  as

(12)	 ( )0.5t FF tg= − τ

and

(13)	 ( )0.5t HH tg= − τ .

Approximations by polynomials of complete el-
liptic integrals of the first and second kind given in 
[3] were used for the numerical implementation of the 
specified method for determining the dimensions in 
the considered system of pole plates.
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The algorithm of the solution is as follows:
•	 for the given ratio of overall dimensions 1L  and 2L  

module k is determined from the numerical solu-
tion of equation (7), and parameter α  correspond-
ing to this module is determined according to (8);

•	 value Fτ  or Hτ , which satisfies equation (10) for 
a given ratio 1/ Lδ , is determined from the numeri-
cal solution of equation (10).
To solve equation (10) numerically, the bisection 

method can be used, as when ratio 1/ Lδ  changes in 
the obvious range from 0 to 1, based on the above, it 
is easy to indicate the range of values for Fτ  and τH: 
the range of value Fτ  change – [0,α]; the range of 
value Hτ  change – [π, α−π ].

Thus, the above makes it possible to determine the 
coordinates of the points that define the dimensions of 
the equipotential plates of a symmetrical two-pole sys-
tem (Fig. 2, b). The distribution of the magnetic field 
for it can be easily obtained using also a conformal 
mapping, as it was done in [1] when determining the 
field of symmetric charged conducting plates.

Сonformal mapping of the field of 
symmetrical plates onto the uniform 
field domain

In order to be able to use the corresponding results 
given in [1], we transform the initial system of two 
pole plates with a gap between them (Fig. 2, b)

2t tFδ =

or, taking into account (9) and (12),

(14)	 2
2
F

t tg
τ

δ = ,

into a system of two symmetrical pole plates with a gap be-
tween them equal to two.

For this purpose, we use a scaling transformation 
(it is, as is known, a conformal transformation)

(15)	 2
(0.5 )t F

t tT
tg

= =
δ τ

.

The resulting correspondence of boundary points 
is shown in Fig. 3.

According to [1], the upper half-plane T  (Fig. 3) 
can be mapped onto a rectangle in plane W , if we use 
a transformation of the form

(16)	 (2 ( ) )T sn K k W′= ,

where sn  – Jacobi function; W  – a complex variable corre-
sponding to the interior of the rectangle onto which the up-
per half-plane T  is mapped; ( )K k ′  – elliptic integral of the 
first kind, whose module k ′  is given by the relation

/t tk G′ = δ

or, according to (14), (13) and (11),

(17)	 ( )
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F

F

tg
k

tg
τ
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π − τ

.

The resulting correspondence of boundary points 
in domain W  is shown in Fig. 4. This figure depicts 
the last stage of the considered conformal mappings 
( z t→ → T W→ ), as a result of which a domain of 
a homogeneous field between the vertical pole plates 
was obtained.

Fig. 4. Domain W of a homogeneous field

Magnetic field intensity in the 
original system of symmetrical 
c-shaped poles

According to the theory of conformal mapping, the 
magnetic field intensity of the mapped domain is relat-
ed to the field intensity in the mapped domain through 
the ratio of differentials for the complex coordinates 
of the corresponding domains [1]. Taking this into ac-
count, and also the fact that the field in domain W  is 
homogeneous, its intensity is equal to (Fig. 4)

(18)	 0
0W

U
H U= =

∆
,

Fig. 3. Scaling transformation
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where 0U – the difference in magnetic potentials between 
equipotentials of different polarities W WG E  and W WH F , 
equal to the difference in magnetic potentials between the 
poles of the original system; ∆ – the distance between these 
equipotentials ( 1∆ = ) (Fig.4).

To obtain an analytical expression for intensity zH  
in the original domain z  we can write the following 
chain of transformations

( ) ( )z W
dt dT dt dW dT dtH H t H T H
dz dt dz dT dt dz

= = ⋅ = ⋅ ⋅ = ⋅ ⋅ ⋅

or, taking into account (18),

(19)	 0z
dW dT dtH U
dT dt dz

= ⋅ ⋅ ⋅ ,

where ( )H t  and ( )H T  – magnetic field intensities in the 
upper half-planes t  and T , respectively.

According to (1), (15) and (16), we can finally write 
the following expression instead of
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,

where ( )( )0.5arcsinAt tg k= .
When writing expression (20), we also took into 

account the properties of the used conformal map-
pings described above.

Thus, if the dimensions of the initial system of sym-
metrical C-shaped poles are given, expression (20) al-
lows determining the field intensity 0H  at any point 0z  
of the original domain according to the known confor-
mal mapping function (3) and the numerical solution 
of transcendental equations (7), (9) and the equation 
obtained from (3) when substituting 0z  into it.

The permeance of the total flux in 
the outer domain of symmetrical 
c-shaped poles

Let us take into account that, as is known, the total 
permeance of magnetic flux in a system of magnetic 

poles is an analogue of electrical capacitance in a sys-
tem of identical electrodes. Then, according to [1], the 
following relationship can be written for the total mag-
netic flux reduced permeance in the considered case

(21)	
( )

21 ( )

2

K k

K kΣ

 ′− 
 λ =

′⋅
,

where module k ′ – of elliptic integral K  is defined by ex-
pression (17).

Note that the numerical calculation of the field in-
tensity zH  and permeance Σλ  using the given formu-
las is not associated with any computational difficul-
ties and can be used to analyze the distribution of the 
magnetic field in the considered pole system.

The determination of rational 
geometry of electromagnet poles

As is known, when using a C-shaped electromag-
netic system as a traction system in electromagnetic 
separators, the main interest is in finding the product 
H gradH⋅  in the working area of ​​the device, which de-
termines its extraction force [4].

Using (3, 19, 20) the following expressions can be 
written

(22)	
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where ( )K k – elliptic integral of the first kind of module 
/ ( )pk d L d= + , / 2d = δ  (Fig. 1).

Let us introduce into consideration the quantity 
h, as the distance from the surface of the poles to the 
desired point on the vertical axis of symmetry of the 
electromagnetic separator (Fig. 1), which in practi-
cal calculations corresponds to the specified depth of 
extraction of the separator. Then, as a result of direct 
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calculations according to (22) and (23), we obtain that 
the criteria gradH  and H gradH⋅ , considered as func-
tions d , have a maximum for the given size values 
h and pL . This makes it possible to solve the prob-
lem of determining such a value d  for fixed values 
h and pL  that satisfies the condition of the maximum 
of the criteria gradH  and H gradH⋅ . These problems 
were solved numerically (as a search for the maximum 
gradH  or H gradH⋅  by simple enumeration of argu-
ment d ). In this case, the calculated value d , for which 
the maximum holds ( )maxgradH  or( )maxH gradH⋅ , 
was accepted as a result of the solution optd .

The result of solving the specified optimization 
problems is presented in the form of functional depend-
ences / ( / )opt p pd L f L h=

 
shown in Figs. 5 and 6.

In practical applications such as electromagnet-
ic separators, the primary objective is to determine 
the optimal pole geometry that maximizes extraction 
force. This requires the numerical solution of tran-
scendental equations to determine the magnetic field 
distribution and its gradient. Similar numerical ap-
proaches are widely used in other fields of physics, 
such as in modeling semiconductor structures [5, 6]. 

The finite element method is also used to optimize 
such problems in electromagnetism, enabling the anal-
ysis of field distributions in complex geometries [7, 8]. 
These techniques are indispensable tools in modern 
engineering, enabling the design of advanced devices 
without the need for costly physical experiments.

Conclusions
Relations for the numerical calculation of the mag-

netic field intensity at any point in the outer domain of 
symmetrical C-pole systems, as well as the total per-
meance of the magnetic flux of this system have been 
obtained.

Dependences for choosing a rational ratio of the 
geometry of the poles of two-pole magnetic systems 
according to the criterion of the maximum gradient 
of the magnetic field intensity and the product of the 
magnetic field intensity by its gradient have been pro-
posed, which is important in practical calculations of 
separators with C-shaped electromagnetic systems.
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